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Abstract— Federated Learning (FL) is a privacy-preserving
collaborative learning approach that trains artificial intelli-
gence (AI) models without revealing local datasets of the
FL workers. While FL ensures the privacy of the FL workers,
its performance is limited by several bottlenecks, which become
significant given the increasing amounts of data generated and
the size of the FL network. One of the main challenges is the
straggler effects where the significant computation delays are
caused by the slow FL workers. As such, Coded Federated
Learning (CFL), which leverages coding techniques to introduce
redundant computations to the FL server, has been proposed to
reduce the computation latency. In CFL, the FL server helps to
compute a subset of the partial gradients based on the composite
parity data and aggregates the computed partial gradients with
those received from the FL workers. In order to implement the
coding schemes over the FL network, incentive mechanisms are
important to allocate the resources of the FL workers and data
owners efficiently in order to complete the CFL training tasks.
In this paper, we consider a two-level incentive mechanism design
problem. In the lower level, the data owners are allowed to sup-
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port the FL training tasks of the FL workers by contributing their
data. To model the dynamics of the selection of FL workers by the
data owners, an evolutionary game is adopted to achieve an equi-
librium solution. In the upper level, a deep learning based auction
is proposed to model the competition among the model owners.

Index Terms— Coded distributed computing, federated Learn-
ing, straggler effects, evolutionary, deep learning, auction.

I. INTRODUCTION

W ITH the industrialization of emerging technologies
such as the Internet-of-Things (IoT), our physical

world is transformed into an intelligent environment with high
concentration of information. The increased capabilities of
smart sensors and the highly reliable communication tech-
nologies generate large amounts of data that are useful for
the development of knowledge for many application domains
such as the Internet of Mobile Things (IoMT) [1], the Internet
of Things Clouds (IoT-C) [2] and the Internet of Robotic
Things (IoRT) [3].

Artificial Intelligence (AI) technologies leverage the
increasing size of IoT networks and expanding data volume
to develop many real world applications such as smart health,
smart transportation and smart agriculture that improve the
quality of our daily life. In contrast to the traditional machine
learning approach where the training data is transmitted over
the communication channel to a centralized cloud server
for processing, Federated Learning (FL), which trains the
FL models in a decentralized manner, is proposed to develop
these useful AI models. For example, FL models can be used
optimize the production of agricultural products by predicting
the yield [4]. FL models can also be trained on blockchain
to predict traffic flow by alleviating the need for a centralized
model coordinator [5].

Given the exponentially growing datasets of the edge nodes,
a single central server may not have the computation capability
to perform the AI training process individually. Since the
edge nodes have improved computation and communication
capabilities, the edge nodes can perform training of AI models
in a decentralized manner through FL. The main advantage of
FL is that it is privacy-preserving since only model parameters
are exchanged between the FL servers and the edge nodes.
Hence, the raw data of the edge nodes are kept at their
local databases. Besides, the amount of bandwidth required for
transmission is greatly reduced as the size of model parameters
is much smaller than that of the raw data. This reduces the
communication costs in the FL network.
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Fig. 1. System model with multiple model owners, FL workers and data owners. In the lower level, the data owners determine which FL worker to contribute
their data to in an evolutionary game. In the upper level, the FL workers determine which model owners to allocate their resources to in a deep learning based
auction.

Despite many advantages of FL model training in a decen-
tralized manner, there are several challenges that hinder its
effective implementation over the distributed edge computing
network. One of the main challenges is the existence of
stragglers. The heterogeneities in computation and commu-
nication capabilities of the edge nodes cause significant slow
down in achieving the desired accuracy of FL model as the
aggregation of partial gradients, i.e., local model parameters,
can only be computed upon receiving the results from all edge
nodes, including the stragglers. Besides, the communication
between the edge nodes and the FL server may fail due
to limited communication capacity and link failure [6], [7],
thereby resulting in missing node information, which may
not be able to recover successfully. Re-transmission of the
model parameters for the failed nodes adversely affects
the training latency. In fact, more than 30% of node fail-
ure causes a significant increase in the average end-to-end
delay [8].

To minimize the latency of the FL training tasks, coding
techniques, which introduce redundant computations, can be
used. Specifically for FL tasks, Coded Federated Learning
(CFL) [9] is proposed to speed up the FL training process by
assigning redundant computations to the FL server. In CFL, the
edge nodes compute the partial gradients on a subset of their
local datasets, instead of the entire dataset. Moreover, different
from the traditional FL frameworks where the partial gradients
are computed entirely by the edge nodes, the FL server
performs an optimal amount of redundant partial gradient
computations, given the composite parity data generated by
the edge nodes. Upon completion of computations by both the

FL server and edge nodes, the FL server combines the partial
gradients computed by itself and the edge nodes to estimate
the full gradient of the FL model. Since the edge nodes
compute the partial gradients on a subset of their datasets,
the computation latency is reduced and hence, minimizing the
delay of the FL training.

However, the issue of resource allocation is not well
addressed in the literature. In particular, there is no motivation
for the edge nodes to participate in the CFL tasks. A critical
question that needs to be addressed by each edge node is
“Given its amount of data, computation and communication
capabilities, which FL server should it choose to train the
FL model?” For the sensing devices that can contribute their
data for the FL training, the question is “Which edge node
should they contribute their data to in order to improve the
accuracy of the FL model?” Incentive mechanisms are essen-
tial to encourage the participation of the edge nodes in the CFL
tasks by offering them monetary rewards in exchange for their
contribution of data and resources used in the FL training. The
incentive mechanisms elicit the values of different entities for
the resources, thereby allocating the resources to the entities
that value them most [10], [11].

In this paper, we consider multiple FL servers, i.e., model
owners, that are interested to train their FL models, e.g., for
road condition monitoring, as shown in Fig. 1. By leveraging
the resources and data of the edge nodes, i.e., FL workers,
the model owners employ the FL workers to support the
FL training tasks. Although only local model parameters are
transmitted to the model owners, sensitive information can
still be extracted.
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In order to protect their data against malicious adversaries,
the FL workers can add noise to the local model parame-
ters and local parity datasets before transmitting them to
the model owners. Similarly, the sensing devices, i.e., data
owners have different privacy preferences. Privacy-sensitive
data owners suffer more than privacy-insensitive data owners
in the event of privacy leakage. As such, privacy-sensitive data
owners derive lower utility than that of the privacy-insensitive
data owners for contributing their data to the FL workers.
To model the dynamic selection, we adopt the evolutionary
game to derive the equilibrium composition and thus the
data quantities of the FL workers. The FL workers can have
different data quantities, privacy budgets, computation and
communication capabilities. To accurately evaluate their values
to the model owners, we adopt the deep learning based auction
approach which is individually-rational, incentive-compatible
and revenue-maximizing.

The objective of this work is to develop an effective incen-
tive mechanism that allocates the resources of the edge nodes
and sensing devices for the CFL tasks of the FL servers, hence
enabling the implementation of the coding techniques over the
distributed FL network. We summarize the key contributions
of our work as follows:

1) To the best of our knowledge, this is one of the few
works that address the incentive issue in CFL to mitigate
the straggler effects in the FL training tasks, where
the model owners compute partial gradients based on
the composite parity data generated by the FL workers.
The incentive mechanism ensures that the CFL scheme
can be implemented in the FL network with optimal
allocation of the resources of FL workers and data
owners.

2) We model the dynamic selection of FL workers by
the data owners as an evolutionary game. Through
repeated interactions with the other data owners, the
data owners determine the FL workers to contribute their
data to maximize their utilities. The evolutionary game
determines the total quantity of data that each of the
FL worker has.

3) We adopt a deep learning based auction scheme to
determine the allocation of FL workers to the model
owners. The deep learning based approach outperforms
the second price auction (SPA) scheme as it maximizes
the revenues of the FL workers which is higher than
the second largest bid. It also satisfies the properties of
individual-rationality and incentive-compatibility which
incentivize the FL workers to participate in the auction
and submit truthful bids respectively.

The remainder of the paper is organized as follows.
Section II reviews the related work. Section III discusses the
system model. Sections IV and V explore the evolutionary
game and auction design respectively. Section VI presents
the simulation results of the proposed scheme. Section VII
concludes the paper.

II. RELATED WORK

In this section, we discuss the related works in three
different areas: (i) existing approaches to mitigate straggler

TABLE I

SYSTEM MODEL PARAMETERS

effects in FL, (ii) coded distributed computing, and (iii) game
theory.

A. Existing Approaches to Mitigate Straggler Effects in FL

As an emerging machine learning paradigm, FL has been
increasingly popular and thus is studied extensively in the
literature. The performance of the FL network is greatly
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affected by the system heterogeneity where the participat-
ing devices have different storage capacity, computation and
communication capabilities. In synchronous FL, the FL sys-
tems are very susceptible to the straggler effects where the
training time of the FL models is limited by the slowest
participating device. As such, asynchronous FL models have
been proposed for the implementation of efficient and scalable
FL systems. In [12], FedAsync algorithm was proposed for
federated optimization by regularizing local optimization and
adopting an adaptive weighted average to update the FL global
model. The work in [13] demonstrates the robustness of the
asynchronous federated learning scheme to the participating
devices that join halfway and the variability of participating
devices in an image-based geolocation application. Combining
the advantages of both synchronous and asynchronous FL,
semi-asynchronous FL frameworks [14], [15] are also pro-
posed to reduce the average runtime of each iteration and
improve the quality of the global FL model.

Another approach to mitigate the straggler effects in FL is
through the selection of participating devices. It is infeasible
to wait for the responses from all participating devices as it is
impractical to require all participating devices to be active at
the same time [16]. Hence, straggling devices are not included
in the FL training process. For example, the participating
devices are selected to participate in the FL training tasks by
considering their computation and communication constraints
and their abilities to complete the FL training within the
given deadline [17]. The authors in [18] propose an adaptive
selection strategy where the FL training tasks start with the
faster participating devices and gradually involve the slower
participating devices once the statistical accuracy of the data
is achieved. However, due to the non-independent and identi-
cally distributed (non-IID) nature of the participating devices’
datasets, the stragglers may have useful information that helps
to increase the accuracy of the FL models and prevent the issue
of overfitting. Other approaches include imposing a deadline
on the computations of each participating device [19] and
implementing a normalized averaging method that mitigates
the objective inconsistency of the participating devices [20].

B. Coded Distributed Computing

Coding techniques have shown their effectiveness in mit-
igating the straggler effects by introducing redundant coded
computations. By doing so, the final result can be recon-
structed upon receiving the computed results from a subset of
computing nodes. The objective of the coded distributed com-
puting (CDC) schemes is to minimize the recovery threshold,
i.e., the number of computing nodes that are required to return
their computed results in order to reconstruct the final result.
Various CDC schemes are proposed by focusing on different
computation tasks, e.g., matrix-vector multiplication [21], [22],
matrix-matrix multiplication [23]–[25], gradient descent [26],
[27], linear transform [28], Fourier transform [29] and
convolution [30].

Leveraging the same idea of introducing coding redundancy
computations as the above-mentioned CDC schemes, CFL [9]
is proposed to minimize the computation latency of the

FL training tasks. Instead of relying entirely on the partic-
ipating devices to complete the computations of the partial
gradients, the FL server performs coded redundant computa-
tions and thus alleviating the need for the participating devices
to train with their entire datasets.

However, to the best of our knowledge, there are few
studies that focus on the design of incentive mechanisms for
CDC tasks. Given the emergence of big data and the involve-
ment of various devices that aim to maximize their own
utilities, an effective incentive mechanism that models the
strategic interactions among the different devices, is important
for the practical implementation of coding schemes over the
FL networks.

C. Game Theory

Game theory is a popular approach to the design of various
incentive mechanisms in achieving optimal outcomes, given
the constraints of each agent. Here, we briefly discuss two
useful tools for the incentive mechanism designs that relate to
our work: (i) evolutionary game, and (ii) auction.

1) Evolutionary Game: Often, the agents are independent
entities that make rational decisions under incomplete infor-
mation setting. Given the outcomes of their actions, the
agents want to improve their utilities by changing their strate-
gies. As such, the evolutionary game models the dynamic
behaviours of the agents that engage themselves repeatedly
in the strategic interactions and determines the evolutionary
stable strategies that maximize the utilities of all agents in
the network. In the work of [31], an evolutionary game is
used to optimize the usage of the road network in order
to minimize the travel times, given the number of cars in
the network. Besides, the evolutionary game theory is used
to evaluate the effectiveness of the reputation management
schemes in the vehicular network by considering the dynamic
and diverse attacking strategies by the malicious users [32].
The evolutionary game considers the dynamic behaviour of
the agents, which changes in response to the behaviour of
other agents, and this makes it better than the traditional game
approach which assumes the behaviour of the agents does not
change, given the same situation.

2) Auction Design: Auction theory is well-explored for the
optimal allocation of resources. In particular, it is used to allo-
cate the resources of the sellers to the bidders that value them
most. The training of the FL task requires the collaborative
effort of multiple agents to train the FL model on their local
datasets and update the FL model until a desired accuracy is
achieved. It is impractical to assume that the agents are willing
to contribute their resources for the training of FL task without
any reward. Hence, various auction designs are proposed
to motivate the agents to participate in the FL task. For
example, in the work of [33], the authors propose an auction
framework to select the FL participants such that the social
welfare and resource efficiency are maximized. The proposed
framework is efficient, incentive-compatible and individual-
rational. However, it does not maximize the revenue of the
seller. In order to maximize the revenue of the seller while
ensuring individual-rationality and incentive-compatibility of

Authorized licensed use limited to: Sungkyunkwan University. Downloaded on March 08,2023 at 11:24:34 UTC from IEEE Xplore.  Restrictions apply. 



NG et al.: HIERARCHICAL INCENTIVE DESIGN TOWARD MOTIVATING PARTICIPATION IN CFL 363

the auction designs, a deep learning approach [34], [35] is
proposed where the winner and its corresponding payment are
determined based on the neural network architecture.

Therefore, incentive mechanism designs are an essential
step to implement the coding schemes to mitigate the straggler
effects in the FL network.

III. SYSTEM MODEL

We consider an FL system over the distributed edge com-
puting network. The system model includes a set I =
{1, . . . , i, . . . , I} of I FL servers, i.e., model owners, each
of which aims to develop an FL model, e.g., prediction of
traffic flow. Besides, there are J edge nodes, i.e., FL workers
that have the computation and communication capabilities to
support the CFL tasks of the model owners, the set of which
is represented by J = {1, . . . , j, . . . , J}. There are also K
sensing devices, i.e., data owners that can associate themselves
to any FL worker j ∈ J in order to contribute their data to
FL worker j.

In our system model, we consider that each FL worker
j ∈ J can only support the FL training of a single model
owner i ∈ I since the FL workers may not have sufficient
computation capabilities to perform the multiple FL trainings
or parallel computations. Our system model can be easily
extended to allow the FL worker to support the training
of FL models of multiple model owners by implementing
scheduling schemes similar to that in [36].

A. Coded Federated Learning

In each iteration of FL, the FL server first transmits the
FL global model to the edge nodes. The edge nodes trains
the FL global model by using their local datasets. Upon com-
pletion, the edge nodes transmit the local model parameters
to the FL server without revealing their local datasets. The
FL server aggregates the local model parameters from the edge
nodes in order to obtain the updated FL global model, which is
transmitted to the edge nodes again for training. This process
iterates until a desired level of accuracy of the FL global model
is achieved.

In order to improve the performance of the FL network, i.e.,
minimize computation latency, coding techniques are imple-
mented to mitigate the straggler effects by introducing coding
redundancy. Specifically to FL systems, Coded Federated
Learning (CFL) [9] is proposed to remove the tail behaviour,
often due to the significant delays caused by straggling and
failed computations. In conventional FL systems, the stragglers
often cause significant delays in the FL training process.
In some FL algorithms, the stragglers are excluded in order
to minimize computation latency. However, the stragglers
may contain useful information that helps to improve the
performance of the FL models. As such, CFL is adopted
to include the stragglers in the FL training processes by
leveraging the computation capabilities of the model owners.
In particular, instead of only aggregating the partial gradients
from the FL workers, the model owners perform redundant
partial gradient computations from the composite parity data
in CFL such that only a subset of partial gradients from the

datasets of the FL workers is required to accurately estimate
the full gradient. Given the heterogeneity in computation
capabilities of the model owners, the amount of redundant
computations that the model owners can handle varies.

Each FL worker j has a dataset which is represented by
(Xj ,Yj), which consists of dj ≥ 0 data samples. More
specifically,

Xj =

⎛
⎜⎝

xj
1
...

xj
dj

⎞
⎟⎠ , Yj =

⎛
⎜⎝

yj
1
...

yj
dj

⎞
⎟⎠ , (1)

where each vector of data samples xj
ι is associated with a

scalar label yj
ι and ι = {1, . . . , dj}.

Instead of processing all the data samples as in traditional
FL schemes, the FL workers do not compute the gradients on
the entire datasets. The FL workers only process the optimal
number of data samples d∗j (∀j ∈ J ).

In the following, we describe the local computations and
computation of the coded redundancy by the FL workers.

1) Local Computations: Given the computation and com-
munication capabilities of the FL workers which is discussed
in detail in Section III-C, the FL workers want to maximize
the expected return metric for a given period of time t,
i.e., E[Rj(t; d̃j)]. The return of computed partial gradients
received by the model owners from FL worker j for a given
time period t can be represented by an indicator return metric
Rj(t; d̃j) = d̃j1{Tj≤t}, where d̃j (≤ dj) is the number of
data samples that are processed by FL worker j. In particular,
Rj(t; d̃j) = d̃j if FL worker j completes the computations
on d̃j data samples within time period t successfully and
Rj(t; d̃j) = 0 if FL worker j fails. The expected return metric
E[Rj(t; d̃j)] is a concave function of the number of data
samples processed, d̃j . This reflects the risk aversion attitude
of the worker, following [37]. Hence, it is not optimal for FL
worker j (∀j ∈ J ) to process all the data samples dj that
it has. As such, the optimal number of data samples that are
processed by FL worker j for a given time t is represented as
follows:

d∗j (t) = arg max
0≤d̃j≤dj

E[Rj(t; d̃j)]. (2)

2) Computation of Coded Redundancy: In addition, the
FL workers encode their datasets and transmit the encoded
datasets to the model owners. Random linear coding is applied
to the dataset of FL worker j, which is represented by
(Xj ,Yj) to obtain the encoded dataset, (X̃j , Ỹj) where

X̃j = GjWjXj , Ỹj = GjWjYj , (3)

Gj and Wj are the random generator and weight matrices of
FL worker j respectively. Gj matrix has a size of γ×dj where
γ is the number of parity data generated, which is also the
coding redundancy, and its elements are drawn independently
from standard normal distribution. The diagonal matrix Wj

of size dj × dj weighs each data sample.
Computation of Coding Redundancy:
Similar to those of the FL workers, the expected return

metrics of the model owners are concave functions of the
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number of data samples processed. Given the computation
capability of model owner i, the optimal number of parity
data to be processed by model owner i for a given time t,
which is denoted as d∗i , is expressed as follows:

d∗i (t) = arg max
0≤d̃i≤Di

E[Ri(t; d̃i)], (4)

where d̃i is the number of data samples that are processed
by model owner i and Di is the maximum quantity of data
that can be handled by model owner i. Hence, the coding
redundancy γ = d∗i , where the number of parity data generated
at each FL worker j (∀j ∈ J ) is equal to the optimal number
of parity data that can be processed by model owner i.

Note that only the encoded datasets of the FL workers are
transmitted to the model owners. The model owners do not
have access to the raw training dataset (Xj ,Yj), random
generator matrix Gj and weight matrix Wj of FL worker j
(∀j ∈ J ). As such, the CFL scheme is still privacy-preserving
as the raw training datasets are not shared with anyone.

Computation of Weight Matrix:
The diagonal elements of the weight matrix Wj is repre-

sented as follows:

wjι =
√

Pr{Tj ≥ t}, (5)

for ι = {1, . . . , dj} and Tj is the total time required by
FL worker j to complete an iteration of FL training. Specifi-
cally, the weights are computed based on the probability that
FL worker j fails to transmit the partial gradients to the model
owners within the given period of time t.

On the other hand, the model owners combine the parity
data received from all FL workers to obtain the composite
parity dataset, which is used to compute a subset of partial gra-
dients. To enforce the privacy protection in differential-private
(DP) FL, which is discussed in detail in Section III-B, the FL
workers add noise to their computed partial gradients and local
parity datasets before transmitting them the model owners.
Upon receiving the expected sum of partial gradients from the
FL workers and normalized aggregate of partial gradients from
the composite parity dataset, the model owners aggregate both
sets of partial gradients to reconstruct the final gradient.

In order to motivate the FL workers and the data owners
to support the CFL training tasks, we propose a hierarchical
two-level incentive mechanism which models the strategic
interactions between them.

B. Lower-Level Evolutionary Game

Using the collected data from the data owners, the FL work-
ers conduct the local model training to update w

(τ)
j to mini-

mize the local loss function Lj (wj). The local loss function
is defined according to the training tasks required, e.g., the
least squares error for linear regression model [38].

During the local model training, the data of the data owners
are kept at the local servers of the trusted FL workers, i.e.,
only the model parameters w

(τ)
j are shared with the model

owner. However, sensitive information can still be extracted
by malicious adversaries, e.g., through membership inference
attacks [39]. As such, DP FL [40] has emerged as an addi-
tional layer of privacy protection against malicious adversaries.

To ensure that DP is preserved, the Gaussian or Laplace
mechanism can be used to add noise into the transmitted
weight parameters w̃

(τ)
j = w

(τ)
j + n

(τ)
j . The distribution of

the mechanism is in turn influenced by the values of ε and δ.
We provide the formal definition of the (ε, δ)-DP as follows:
Definition 1 ((ε, δ)-Differential Privacy [41]): A random-

ized mechanism M : X → R with domain X and range
R satisfies (ε, δ)-differential privacy if for all measurable sets
S ⊆ R and for any two adjacent databases Dj ,D′

j ∈ X , the
condition holds:

Pr [M (Dj) ∈ S] ≤ eε Pr
[M (D′

j

) ∈ S]+ δ. (6)

Specifically, for a given δ, a smaller value of ε implies that
the adjacent datasets Dj and D′

j are less distinguishable, thus
leading to a lower risk of privacy loss. In this case, a smaller
value of ε implies that noise with a higher variance is added
to the weight parameters and local parity datasets. In addition,
the δ parameter introduced in [41] ensures that the absolute
value of privacy loss is bounded by ε with the probability of
at least 1 − δ.

In practice, organizations adopting the DP mechanism may
calibrate ε at different levels [42]. As such, ε is also referred
to as the privacy budget. In this paper, FL worker j is stated
to have a lower privacy budget than that of FL worker j′ if
εj < εj′ . This implies that FL worker j adds noise with higher
variance to its model parameters and local parity dataset than
that of FL worker j′. For example, considering the Gaussian
mechanism, σ2(εj) > σ2(εj′). The DP mechanism minimizes
the privacy leakage when the FL workers share their local
parity datasets with the model owners [43]. Moreover, the data
owners may have heterogeneous attitudes towards privacy loss.
For example, privacy-sensitive data owners may derive a lower
utility than that of privacy-insensitive data owners.

Hence, in order to incentivize the data owners to contribute
their data to the FL workers for the training of FL tasks,
the FL workers offer a reward pool to be distributed among
the data owners for their contributions. The reward pool
is determined by the privacy budgets of the FL workers.
For example, FL workers with higher privacy budgets offer
larger reward pools to the data owners, in compensation for
the increased risk of privacy loss. In addition, the specific
reward that each data owner receives is determined by its
contribution to the FL worker. For example, data owners that
have contributed a larger proportion of data to the FL worker
will be accorded a larger portion of the reward pool. Given
that there are multiple FL workers in the network, the data
owners need to determine to which FL worker to contribute
their data. On one hand, the data owners are more incentivized
to join the FL worker that offers larger amount of reward.
On the other hand, as more data owners contribute their data
to that FL worker, the reward pool needs to be shared among a
larger number of data owners. As such, an evolutionary game
is used to model the dynamic behaviour of the data owners and
determine the allocation of data owners to the FL workers for
the training of FL tasks. Therefore, given the privacy attitudes
of the data owners and the privacy budget of the FL workers,
the evolutionary game in the lower level (as shown in Fig. 1)
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derives the total data quantity that the FL workers have. The
evolutionary game is analyzed and solved in Section IV.

C. Upper-Level Deep Learning Based Auction

Given the computation and communication capabilities as
well as the data quantities, the FL workers aim to max-
imize their utilities, i.e., revenues by facilitating the CFL
training tasks of the model owners. The data quantities of
the FL workers are derived from the lower-level evolutionary
game. To determine the optimal number of data samples to
be processed for the CFL training tasks, we consider the
following computation and communication models:

• Computation Model: There are two components to the
computation time of the FL workers, i.e., deterministic
and stochastic. The deterministic component τcd

j is the
time required by FL worker j to process d̃j data samples.
Given that FL worker j requires mj seconds to process

each data sample, we have τcd
j = d̃jmj . The stochastic

component τcs
j is due to the randomness in memory

read/write cycles during the Multiply-Accumulate (MAC)
operations. The exponential probability density func-

tion (pdf) of τcs
j is pτcs

j
(t) = μj

d̃j
e
−μj

d̃j
t
, t ≥ 0, where

μj is the memory access rate to read/write each data
sample. As such, the computation time of FL worker j
is expressed as follows:

τc
j = τcd

j + τcs
j . (7)

• Communication Model: The performance of the com-
munication services often fluctuates due to the quality
of wireless channel links. As such, in order to ensure
the reliability of communicating the information, the
achievable data rate can be adjusted according to the com-
munication link quality. Existing schemes such as that
in [44] can be implemented to determine the achievable
data rate rj while maintaining a constant link erasure
probability p in order to maximize the transmission effi-
ciency. The time required by FL worker j to transmit the
partial gradient of size n, given the achievable data rate rj

and amount of bandwidth bj allocated to FL worker j
is n

rjbj
. Given the quality of the communication links, it is

often that the FL workers do not successfully transmit the
computed partial gradients at their first attempt. As such,
the time required by FL worker j to transmit its computed
partial gradients successfully is represented by:

τup
j = Nj

n

rjbj
, (8)

where Nj is the number of transmissions required before
the first successful transmission of partial gradients to the
model owner. Without loss of generality, the conditions
of uplink and downlink channels are assumed to be
reciprocal to each other. Hence, τup

j = τdn
j .

The total amount of time required for FL worker j to
complete the training for each iteration, i.e., receive the
updated model, compute the partial gradients and trans-
mit the computed partial gradient to the model owner,

is expressed as:

Tj = τcd
j + τcs

j + τup
j + τdn

j . (9)

The average delay of FL worker j to process d̃j data samples
for the CFL training task is expressed as follows:

E[Tj] = d̃j

(
mj +

1
μj

)
+

2n

rjbj(1 − p)
. (10)

Given the average delays of the FL workers, the expected
return metric E[Rj(t; d̃j)] is found to be a concave function of
the number of data samples evaluated numerically. The optimal
number of data samples that is processed by FL worker j for
a given time t is given in Equation (2).

Note that the CFL scheme introduced in Section III-A as
well as the computation and communication models intro-
duced in Section III-C are adopted from [9].

In order to maximize the revenues of the FL workers, a deep
learning based auction scheme [34] is used to determine the
allocation of the FL workers to the model owners. In the
deep learning based auction, the bids of the model owners
for the FL workers are determined by several factors: (i) the
data requirements of the model owners, (ii) amount of coded
redundant computations performed by the model owners,
(iii) fraction of training data samples evaluated by the FL
workers, (iv) the privacy budget of the FL workers. More
details on the bids of the model owners and the neural network
architecture are provided in Section V.

IV. LOWER-LEVEL EVOLUTIONARY GAME

In the following, we formulate the FL worker association
as an evolutionary game:

• Players: The J FL workers and K data owners are
players of the evolutionary game.

• Population: The data owners exist as a set Z =
{1, . . . , z, . . . , Z} of Z populations of data owners based
on their privacy preferences and data quantities, where⋃

z∈Z |z| = K . Data owners of population z has privacy
preference ϕz and training data samples dz , whereas the
total data quantity in the population is denoted as Dz .
Without loss of generality, ϕ1 ≤ · · · ≤ ϕz ≤ · · · ≤ ϕZ

and d1 ≤ · · · ≤ dz ≤ · · · ≤ dZ .
• Strategy: The strategy of each data owner is the selection

of an FL worker to join so as to achieve utility maxi-
mization.

• Population Share: The population share refers to the
fraction of population z that selects FL worker j

by x
(z)
j where

∑J
j=1 x

(z)
j = 1. The population state

of population z [45] is denoted by the vector x(z) =
[x(z)

1 , . . . , x
(z)
j , . . . , x

(z)
J ]T ∈ X

(z), where X
(z) is the state

space that consists of all feasible population states for
population z.

• Payoff: The expected payoff of each data owner is its net
utility, defined as the difference between the reward it
derives from joining an FL worker, and the privacy cost
of the CFL training.

The utility derived by data owners of population z from
joining an FL worker j for one instance of CFL training is

Authorized licensed use limited to: Sungkyunkwan University. Downloaded on March 08,2023 at 11:24:34 UTC from IEEE Xplore.  Restrictions apply. 



366 IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. 40, NO. 1, JANUARY 2022

given by:

u
(z)
j = U

(
	j

x
(z)
j Dz∑Z

z=1 x
(z)
j Dz

− ϕzεj

)
, (11)

where 	j is the reward pool offered by FL worker j to be
divided across all its data owners based on their share of data

contribution,
x
(z)
j Dz

�Z
z=1 x

(z)
j Dz

is the share of rewards based on the

data contribution of the data owners, and ϕzεj is the privacy
cost of participating in the CFL training. Specifically, where
ϕz > ϕz′ for z′ �= z, the privacy cost incurred by the data
owner from population z is higher as the data owner values its
privacy more. Moreover, we assume U(·) to be a linear utility
function indicating the risk neutrality of data owners without
loss of generality [37], [46].

Accordingly, at time t, the net utility that the data owners in
population z receive for their data contribution to FL worker j
is:

u
(z)
j (t) = 	j

x
(z)
j (t) Dz∑Z

z=1 x
(z)
j (t) Dz

− ϕz(t) εj . (12)

Note that each t refers to a new instance of model training
using the updated data of the data owner.

The average utility of data owners in population z across
all J workers is therefore:

ū(z)(t) =
J∑

j=1

x
(z)
j (t) u

(z)
j (t). (13)

Between each instance of CFL training, information regard-
ing the utility derived from joining different FL workers can
be exchanged and compared among data owners within the
network [47]. The data owners may churn from one FL worker
to another in order to achieve higher utilities. To model the
dynamics of the FL worker selection and strategy adaptation
process, we define the replicator dynamics [48] as follows:

ẋ
(z)
j (t) = f

(z)
j (x(z)(t)) = Δx

(z)
j (t)

(
u

(z)
j (t) − ū(z)(t)

)
,

∀z ∈ Z, ∀j ∈ J , ∀t, (14)

where Δ refers to the positive learning rate of the population
that controls the speed at which the data owners adapt their
strategies. For example, the learning rate is low when the data
owners lack the perfect information on population utilities.

The replicator dynamics is a series of ordinary dif-
ferential equations (ODEs) with the initial condition
x(z)(0) ∈ X

(z) [49]. Based on the replicator dynamics,
the data owners in population z can adapt their strategy and
churn from one FL worker to another FL worker when their
utilities are lower than the expected utility. The evolutionary
equilibrium is reached in a particular t when ẋ

(z)
j (t) = 0, ∀z ∈

Z, ∀j ∈ J . At the evolutionary equilibrium, the data owners
of all FL workers derive an identical payoff which implies
that there is no need for any data owner to deviate from their
prevailing FL workers.

A. Existence, Uniqueness, and Stability of the Evolutionary
Equilibrium

We prove the existence, uniqueness, and stability [50] of the
solution to Equation (14). In terms of uniqueness, the same
evolutionary equilibrium is reached regardless of the initial
conditions. In terms of stability, an evolutionary equilibrium
remains to be ẋ

(m)
j (t) = 0 for all time periods after the

equilibrium is first reached. These desirable properties are
useful to model the strategy adaptation process in a CFL
network.

To begin, we first prove the boundedness of Equation (14)
in Lemma 1.

Lemma 1: The first-order derivatives of f
(z)
j (x(z)(t)) with

respect to x
(z)
v (t) is bounded for all v ∈ J .

Proof: In this proof, we omit the (t) and (z) notations.
The first-order derivative of fj(x) with respect to xv , where
v ∈ J , is:

dfj(x)
dxv

= Δ
[

dxj

dxv
(uj − ū) + xj

(
duj

dxv
− dū

dxv

)]
. (15)

To ease the notation, denote A(xj) =
∑Z

z=1 x
(z)
j Dz . Then,

we derive:

duj

dxv
= 	j

( dxj

dxv
Dz

A(xj)
− xjD

2
z

[A(xj)]2

)
. (16)

Accordingly,
∣∣∣ duj

dxv

∣∣∣ and thus
∣∣∣ dū
dxv

∣∣∣ are bounded ∀v ∈ J .

Therefore, this represents that
∣∣∣dfj(x)

dxv

∣∣∣, i.e., Equation (14),

is bounded. This proof also applies to all Z data owner
populations and all T time periods. �

Theorem 1: For any initial condition x(z)(0) ∈ X
(z), there

exists a unique evolutionary equilibrium to the dynamics
defined in Equation (14).

Proof: From Lemma 1, we have proven that the repli-
cator dynamics f

(z)
j (x(z)(t)) is bounded and continuously

differentiable ∀x(z) ∈ X, ∀z ∈ Z, ∀j ∈ J , ∀t. Therefore,
the maximum absolute value of its partial derivative given
in Equation (15) is a Lipschitz constant. According to the
Mean Value Theorem, there exists a constant c between x

(z)
1 (t)

and x
(z)
2 (t) such that

�
�
�f

(z)
j (x

(z)
1 (t))−f

(z)
j (x

(z)
2 (t))

�
�
�

(x
(z)
1 (t)−x

(z)
2 (t))

=
df

(z)
j (c)

dxv
.

Therefore, we can define the following relation∣∣∣f (z)
j (x(z)

1 (t)) − f
(z)
j (x(z)

2 (t))
∣∣∣ ≤ Γ

∣∣∣x(z)
1 (t) − x

(z)
2 (t)

∣∣∣ ,
∀(x(z)

1 , x
(z)
2 ) ∈ X

(z), ∀z ∈ Z, ∀t. (17)

where Γ = max
{∣∣∣∣df

(z)
j (c)

dxv

∣∣∣∣
}

. Following the Lipschitz con-

dition [51], this implies that the replicator dynamics, i.e.,
an initial value problem with x(z)(0) ∈ X

(z), in Equation (14)
has a unique solution x

(z)
j

� ∈ X
(z). �

Next, we prove the stability of the evolutionary equilibrium
in the following theorem.

Theorem 2: For any initial condition x(z)(0) ∈ X
(z), the

evolutionary equilibrium to the dynamics defined in Equa-
tion (14) is stable.
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Proof: We define the Lyapunov function

G(x(z)(t)) =

⎛
⎝ Z∑

z=1

J∑
j=1

x
(z)
j (t)

⎞
⎠

2

, (18)

which is positive definite since:

G(x(z)(t))

{
= 0 if x

(z)
j (t) = 0

> 0 otherwise.

Taking the first-order derivative with of G(x(z)(t)) with
respect to t,

dG(x(z)(t))
dt

= 2

⎛
⎝ Z∑

z=1

J∑
j=1

x
(z)
j (t)

⎞
⎠
⎛
⎝ Z∑

z=1

J∑
j=1

ẋ
(z)
j (t)

⎞
⎠ .

(19)

At any t,
∑Z

z=1

∑J
j=1 x

(z)
j (t) = Z . Thus, the replicator

dynamics have to equate to zero for this to hold, i.e., the net
movements and strategy adaptations across clusters are zeroed
out in order for the populations to remain constant across time.
Specifically,

Z∑
z=1

J∑
j=1

ẋ
(z)
j (t) = 0, ∀t. (20)

Equation (20) ensures that dG(x(z)(t))
dt = 0, which satisfies

the Lyapunov conditions required for stability, as defined in
the Lyapunov’s second method for stability [52]. �

We subsequently discuss the procedures to derive the equi-
librium FL worker data coverage based on Equation (14).

At initialization, data owners in each population z are
randomly assigned to FL worker j, for z ∈ Z, j ∈ J .
At each t, the data owners compute their utilities and the
average utility of other data owners of the same population.
Note that the knowledge of the average utility of the population
is the expected average utility since there may be incomplete
information in a large heterogeneous network. This procedure
is a comparison between (i) the data owner’s own utility
from joining a particular FL worker j, i.e., u

(z)
j (t) and

(ii) the expected average utilities of other data owners from the
same population which have chosen to join other FL workers,
i.e., E(ū(z)(t)). Thereafter, the evolutionary equilibrium of the
population states can be derived.

The output of Algorithm 1 is the population state that is
observed after tmax iterations. Accordingly, we can obtain the
data coverage of each FL worker, i.e., the proportion of data
across the network that each FL worker can cover, as follows:

dj =
Z∑

z=1

x
(z)
j (tmax)Dz. (21)

V. UPPER-LEVEL DEEP LEARNING BASED AUCTION

In the lower level, the evolutionary game provides the
information on the total number of data samples of
the FL workers. Since each FL worker is able to support
the CFL task of a single model owner, the model owners

Algorithm 1 Evolutionary Worker Selection
Input: 	j , ϕz , εj, Dz, Δ, ∀z ∈ Z, j ∈ J
Output: dj , ∀j ∈ J
1: Initialization: Randomize x(z)

2: while t < tmax do
3: for z ∈ Z do
4: Payoff Computation
5: for j ∈ J do

6: Derive u
(z)
j (t) = 	j

x
(z)
j (t) Dz

�Z
z=1 x

(z)
j (t) Dz

− ϕz(t) εj

7: end for
8: Compute E(ū(m)(t)) = E(

∑J
j=1 x

(z)
j (t) u

(z)
j (t))

9: Selection of FL Worker
10: for j ∈ J do
11: Derive ẋ

(z)
j (t) = Δx

(z)
j (t)

(
u

(z)
j (t) − ū(z)(t)

)
and

x
(z)
j (t)

12: end for
13: end for
14: t = t + 1
15: end while
16: for j ∈ J do
17: Compute dj =

∑Z
z=1 x

(z)
j (tmax)Dz

18: end for

need to compete for the services of the FL workers. In order
to model the competition between the model owners for the
FL workers and to ensure that the FL workers are allocated
to the model owners that value them the most, the allocation
problem is modelled as multiple rounds of deep learning based
single-item auction. In the auction, the model owners are the
buyers, i.e., bidders, while the FL workers are the sellers.
To compete for FL worker j to support their CFL task, the
model owners submit their bids, which are represented by the
prices that they are willing to pay FL worker j. Given the
collected bid profile αj = (αj

1, . . . , α
j
i , . . . , α

j
I), FL worker

j determines the winning model owner and its corresponding
payment price.

The utility of model owner i is defined as uj
i = αj

i − θj
i if

model owner i wins the bid for FL worker j, where θj
i is the

payment price of model owner i to FL worker j. Otherwise,
its utility is zero. An optimal auction not only maximizes the
revenues of the FL workers, but also satisfies the properties
of individual-rationality and incentive-compatibility, which are
defined as follows:

1) Individual Rationality (IR): The model owners receive
non-negative utility by participating in the auction, i.e.,
uj

i ≥ 0, ∀i ∈ I, ∀j ∈ J .
2) Incentive Compatibility (IC): No model owner is able to

achieve greater utility by bidding with values other than
their true valuations. In other words, the model owners
always bid truthfully.

A. Bid Submission by Model Owners

The bids of the model owners are determined by the
following four factors:
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1) Data Requirements of the Model Owners: The model
owners have different requirements for the accuracy of their
FL models. For example, applications for cardiovascular risk
prediction [53] requires higher accuracy than that of the
location-based recommendation systems. In order to achieve
the required accuracy level, the model owners need to train
the model on a number of training data samples. Generally,
the higher the required accuracy level, the larger the number
of data samples required, and hence the larger the bids of the
model owners [50].

2) Amount of Coded Redundant Computations Performed
by the Model Owners: The model owners complete different
amount of coded redundant computations based on their
computation capabilities. The amount of coded redundant
computations that is performed by model owner i (∀i ∈ I)
is defined in Equation (4). The model owners with lower
computation capabilities generally submit larger bids since
they require the FL workers to perform the training on a larger
subset of data.

3) Fraction of Data Samples Processed by the FL Workers:
The bids of the model owners for the FL workers depend on
the fraction of training data samples that are evaluated by the
FL workers. The model owners prefer FL workers that can
train a larger fraction of their datasets.

4) Privacy Budget of the FL Workers: The model owners
prefer FL workers that have larger privacy budget, i.e., less
privacy-sensitive, as it means that the computed partial gradi-
ents are less noisy and thus, resulting in an FL model with
higher accuracy.

As such, the bid αj
i of model owner i for FL worker j is

expressed as follows:

αj
i = ηi − di +

1
γi

+
d∗j
dj

+ εj , (22)

where ηi and di represent the data requirement and the data
quantity to train the FL model of model owner i, respectively.

At the end of each round of auction, the winning model
owner has its FL model trained with the larger number of
data samples. As such, a larger fraction of the data require-
ment ηi of the winning model owner is satisfied. This in
turn results in a reduction in bid values in the subsequent
rounds of auction as the number of data samples that the
winning model owner needs decreases. The auction terminates
when data requirements of all model owners are fulfilled
or all FL workers are successfully allocated to the model
owners.

The optimal auction determines the winning model owners
and the corresponding payment prices such that the revenues
of the FL workers are maximized while satisfying the proper-
ties of IR and IC. The traditional auction schemes such as
the first-price and second-price auctions can also be used.
However, they are not optimal. On one hand, in the first-price
auction, the revenues of the FL workers are maximized since
the payment prices of winning model owners are equal to their
bids, but it is not incentive-compatible as the model owners
have incentive to submit untruthful bids. On the other hand,
the second-price auction ensures IC, but does not maximize
the revenues of the FL workers as the payment prices of the

winning model owners are equal to the second largest bid [54].
Therefore, a deep learning based auction [34] is adopted in the
design of an optimal auction.

B. Design of Deep Learning Based Auction

In this section, we describe the neural network architecture,
which renders the design of an optimal auction that maximizes
the revenues of the FL workers while ensuring IR and IC prop-
erties of the proposed auction design. In particular, we discuss
the implementation of important functions in the multi-layered
neural network architecture.

In order to maximize the revenues of the FL workers,
the monotonically increasing functions are used to determine
the allocation and conditional payment rules of the neural
network architecture. The monotone transform function of
model owner i for FL worker j is denoted as φj

i . The transform
function φj

i transforms the input bids of model owner i,
which is denoted as αj

i , into transformed bids ᾱj
i . Given

the transformed bids ᾱj
i , the SPA with zero reserve price

(SPA-0) is applied to determine the allocation and conditional
payment rules. The reserve price is the lowest prices that the
FL worker requires in order to support the CFL task of any
model owner. The SPA-0 allocation, which is represented by
g0

ij(ᾱ
j) where ᾱj is the vector of transformed bids, determines

the winning model owner that has the largest bid if the bid is
larger than zero. The SPA-0 payment rule, which is represented
by θ0

ij(ᾱ
j), is used to determine the conditional payment θj

i

of model owner i to FL worker j by applying the inverse
transform function φ−1

ij .
Theorem 3: For any set of monotonically increasing func-

tions {φj
1, . . . , φ

j
i , . . . , φ

j
I}, an auction that is defined by the

allocation rule gj
i and conditional payment rule θj

i fulfills the
properties of IR and IC where g0

ij and θ0
ij represent the SPA-0

allocation rule and the SPA-0 payment rule of model owner i
for FL worker j, respectively [34].

The theorem states that for any choice of monotonically
increasing functions, an auction with the allocation rule gj

i

and the conditional payment rule θj
i satisfies the necessary

and sufficient conditions of IR and IC. As such, in order to
guarantee the properties of IR and IC in the optimal auction,
the monotone transform functions are used in the neural
network architecture. In addition to the IR and IC properties,
the optimal auction maximizes the revenues of the FL workers.
The revenue of the FL worker, which is equal to the payment
price of the winning model owners, is determined based on
the allocation and conditional payment rules. Instead of using
specific functional form of the monotone transform functions,
the neural network learns the appropriate transform functions
such that the loss function is minimized. In particular, the
loss function is the expectation of the negated revenue of the
FL worker. The loss minimization problem is equivalent to the
maximization of the FL worker’s revenue. By using the neural
network architecture, the optimal auction aims to maximize the
revenues of the FL workers while satisfying the properties of
IR and IC.

In the neural network architecture, there are several impor-
tant functions as follows:
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1) the monotone transform function φj
i ,

2) the allocation rule gj
i ,

3) the conditional payment rule θj
i .

C. Monotone Transform Functions

The transform function of model owner i for FL worker j,
which is denoted as φj

i , maps the input bid αj
i to its trans-

formed bid ᾱj
i , i.e., ᾱj

i = φj
i (α

j
i ). Each transform func-

tion φj
i is modelled as a two-layer feed forward network

which consists of the min and max operators over several
linear functions. There are Q groups of S linear functions
hqs(α

j
i ) = w̃ij

qsα
j
i + βij

qs, where Q = {1, . . . , q, . . . , Q}, S =
{1, . . . , s, . . . , S}, w̃ij

qs ∈ R
+ and βij

qs ∈ R are the positive
weight and bias respectively. With these linear functions, the
transform function φj

i of each model owner i for FL worker
j is defined as follows:

φj
i (α

j
i ) = min

q∈Q
max
s∈S

(w̃ij
qsα

j
i + βij

qs). (23)

Given the parameters of the forward transform functions φj
i ,

the inverse function φ−1
ij can be directly derived as follows:

φ−1
ij (a) = max

q∈Q
min q ∈ Q(w̃ij

qs)
−1(a − βij

qs). (24)

D. Allocation Rule

In the neural network architecture, the allocation rule is
based on the SPA-0 allocation rule. This allocation rule ensures
that the FL workers allocate their resources to the model
owners with positive bids. In particular, the resources of FL
worker j is allocated to the model owner with the largest
transformed bid if the transformed bid is larger than zero.
Otherwise, the FL worker does not sell its data to any model
owner. The allocation rule maps the input, which is represented
by the transformed bids ᾱj = (ᾱj

1, . . . , ᾱ
j
i , . . . , ᾱ

j
I), to a

vector of allocation probabilities, which is represented by
gj = (gj

1, . . . , g
j
i , . . . , g

j
I). In order to model the competition

among the model owners, the allocation rule is determined by
using a softmax function on the vector of transformed bids and
an additional dummy input αj

I+1 = 0. The softmax function
is defined as follows:

gj
i (ᾱ

j) = softmaxj
i (ᾱ

j
1, . . . , α̃

j
i , . . . , ᾱ

j
I+1; κ)

=
eκᾱj

i∑I+1
ι=1 eκᾱj

ι

, κ > 0, j ∈ J . (25)

The approximation quality of the softmax function is deter-
mined by the parameter κ. The larger the value of κ, the better
the quality of approximation, resulting in better accuracy of the
approximation. However, it may be harder to optimize given
the allocation function is less smooth and discontinuous.

E. Conditional Payment Rule

The conditional payment rule determines the payment
price θj

i , given that model owner i wins the bid for FL
worker j. There are two steps to the implementation of the
conditional payment rule. Firstly, the SPA-0 payment θ0

ij for
each model owner i is computed. The SPA-0 payment θ0

ij is the

Fig. 2. Neural network architecture.

maximum of each transformed bid of other model owners and
zero. It is determined by using a ReLU activation unit function,
where ReLU(z) = max(z, 0). The ReLU activation function
which ensures that the SPA-0 payment of each FL worker is
non-negative, is expressed as follows:

θ0
ij(ᾱ

j) = ReLU(max
s�=i

ᾱj
s), ∀i ∈ I. (26)

Secondly, given the SPA-0 payment θ0
ij , the conditional

payment θj
i of model owner i to FL worker j is computed

as follows:

θj
i = φ−1

ij (θ0
ij(ᾱ

j)), (27)

where φ−1
ij (θ0

ij(ᾱ
j)) is calculated based on inverse transform

function that is defined in Equation (24).

F. Neural Network Training

The objective of the neural network (Fig. 2) is to optimize
the weights and biases of the linear functions such that the
loss function is minimized. The loss function is defined as
the expectation of the negated value of the model owner.
The loss function is formulated based on the inputs, i.e., the
training dataset, and the output, i.e., the allocation probabilities
and the respective conditional payment prices of the model
owners. In the neural network, the training dataset consists
of the bidder valuation profiles of the model owners. Specif-
ically, the bidder valuation profile l is denoted as αj(l) =
{αj(l)

1 , . . . , α
j(l)
i , . . . , α

j(l)
I }, where L̃ = {1, . . . , l, . . . , L}

represents the set of bidder valuation profiles and L is the
size of training dataset. The valuation of model owner i for
the resources of FL worker j, α

j(l)
i , is drawn from a valuation

distribution function fA(αj
i ).

The aim of the training is to determine the optimal
weight w̃∗ and bias β∗ matrices such that the expectation
of the negated revenue of the FL worker, i.e., loss function,
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Algorithm 2 Algorithm for Deep Learning Based Optimal
Auction
Input: Set of FL workers J = {1, . . . , j, . . . , J}, bids of

model owners αj
i = (αj(l)

1 , . . . , αi
j(l), . . . , α

j(l)
I ), ∀i ∈ I,

∀j ∈ J
Output: Revenue of the FL workers
1: while J �= ∅ do
2: Identify the FL worker with the largest data quantity, dj

3: Initialization: w̃ = [w̃ij
qs] ∈ R

L×QS
+ , β = [βij

qs] ∈ R
L×QS

4: Deep Learning Based Optimal Auction:
5: while Loss function π(w̃, β) is not minimized do
6: Compute the transformed bids ᾱ

j(l)
i = θj

i (α
j(l)
i ) =

minq∈Q maxs∈S(w̃ij
qsα

j
i + βij

qs)
7: Compute the allocation probabilities gj

i (ᾱ
j) =

softmaxj
i (ᾱ

j
1, . . . , ᾱ

j
i , . . . , ᾱ

j
I+1; κ)

8: Compute the SPA-0 payments θ0
ij(ᾱ

j) =
ReLU(maxs�=i ᾱj

s)
9: Compute the conditional payments θj

i = φ−1
ij (θ0

ij(ᾱ
j))

10: Compute the loss function π(w̃, β)
11: Update the network parameters w̃ and β using the SGD

solver
12: end while
13: Update the data quantity of the winning model owner

dnew
i = dold

i + dj

14: end while
15: return The revenue gain by the FL workers

is minimized. In particular, the loss function π is defined as
follows:

π(w̃, β) = −
I∑

i=1

g
j(w̃,β)
i (αj(l))θj(w̃,β)

i (αj(l)). (28)

The loss function π(w̃, β) is optimized over the values of w̃
and β by using a Stochastic Gradient Descent (SGD) solver.
The algorithm for the deep learning based auction is given in
Algorithm 2.

VI. SIMULATION RESULTS

In this section, we evaluate the performance of the
lower-level evolutionary game in determining the data quantity
of the FL workers and the upper-level deep learning based
auction in allocating the FL workers to the model owners. The
values of the simulation parameters are provided in Table II.

A. Evaluation of the Lower-Level Evolutionary Game

To demonstrate the uniqueness of the evolutionary equilib-
rium, we derive the phase plane of the replicator dynamics in
Fig. 3. As an illustration, we consider only two FL workers
with the privacy budget ε1 = 0.1 and ε2 = 0.8, as well as two
populations of data owners with privacy preferences ϕ1 = 60
and ϕ2 = 10. In other words, the data owners of population 1
is more privacy-sensitive. Note that the other parameters, e.g.,
data rewards and population data are kept constant for ease of
exposition.

TABLE II

SIMULATION PARAMETERS [34], [55]

Fig. 3. Phase plane of the replicator dynamics.

Figure 3 shows the evolution of population states of pop-
ulations 1 and 2, i.e., the proportion of data owners in each
population that join FL worker 1. We consider varying initial
conditions, i.e., x

z={1,2}
1 (0), in Fig. 3 and plot the corre-

sponding dynamics. Clearly, despite varying initial conditions,
the evolutionary equilibrium always converges to a unique
solution.

Next, we consider the situation in which there are three pop-
ulations of data owners and three FL workers. The FL workers
have a descending value of privacy budget, where ε1 = 0.6,
ε2 = 0.4, and ε3 = 0.1. The rewards that the FL workers
distribute to their data owners are also descending, where
	1 = 4500, 	2 = 3500, and 	3 = 3000. This implies that
FL worker 1 provides the least privacy protection for its data
owners, and in exchange, offers the highest reward pool as a
compensation. On the other hand, the data owners have the
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Fig. 4. Population state of population 1.

Fig. 5. Population state of population 2.

Fig. 6. Population state of population 3.

privacy preferences of ϕ1 = 10, ϕ2 = 15, and ϕ3 = 50. This
implies that data owners from population 3 are most privacy-
sensitive. For simplicity, we fix the data quantities of each
population for this experiment.

We set the initial conditions such that a third of the data
owners from each population are assigned to each FL worker
initially. Then, we plot the evolution of population states for
all three worker populations in Figs. 4-6. We observe that
for each population, the population states eventually converge
with time. The eventual population states are consistent with
the notion that the data owners with heterogeneous privacy
preferences are utility maximizing. Specifically, most of the
privacy-sensitive data owners from population 3 are matched
with FL worker 3 as it offers the most privacy protection.
On the other hand, the privacy-insensitive data owners of
population 1 mainly choose FL worker 1 as it offers the
highest reward pool. Eventually, the data coverage are evenly
distributed among the FL workers, i.e., each FL worker has
about a third of the data available in the network. We further
vary the learning rates in Fig. 7. Naturally, when the learning
rate is lower, a longer time period is required for the evolu-
tionary equilibrium to be reached. However, we can observe
that only the speed of convergence, but not the stability,
is compromised. The speed of convergence depends on how

Fig. 7. Population state under varying learning rates.

Fig. 8. Data coverage under varying reward pool.

Fig. 9. Data coverage under data quantities.

quickly the FL workers can observe and adapt their strategies,
e.g., FL workers with more accurate information of the system
states may adapt their strategies faster.

In Fig. 8, we demonstrate that the variation of rewards can
affect the eventual data coverage. Keeping all other parameters
constant, we vary the rewards offered by the FL worker 1.
We note that below a certain level, FL worker 1 has less than
a third of the data available. The reason is that it offers a
reward pool that is insufficient to compensate for the greater
risk of privacy loss to data owners. However, as the reward
pool is increased, we observe that the data coverage of FL
worker 1 increases. The first point of increase comes from data
owners that have joined FL worker 2. The reason is that data
owners from population 2 may churn and join FL worker 1 in
exchange for the greater rewards, especially when they are not
the most privacy-sensitive in the network. The second point of
increase comes from data owners that have joined FL worker 3.
However, the decrease in data coverage of FL worker 3 is more
gentle, since the data owners that have joined the FL worker 3
are most privacy-sensitive. Moreover, the reward pool offered
by FL worker 1 has to be divided among an increasingly larger
number of data owners by then.

In Fig. 9, we evaluate the effects of variation of population
data on the eventual data coverage. For this experiment,
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Fig. 10. Revenue of FL worker 1 under different data requirement distribu-
tions of model owners.

Fig. 11. Revenue of FL worker 2 under different data requirement distribu-
tions of model owners.

we vary the data quantity of data owners from population 3,
i.e., the most data sensitive population. Initially, when the
population data is low, the data coverage of FL worker 3 is
low. The reason is that most of the data owners of population 3
are with FL worker 3. As a result, when the population data
increases, the data coverage of FL worker 3 also increases.
However, beyond a certain point, the crowd out effects of
having to share a limited reward pool emerge, and some of the
workers churn to other populations. In particular, FL worker 1
observes an increase in data coverage as it has a sufficiently
large reward pool to distribute among the data owners.

B. Evaluation of the Upper-Level Deep Learning Based
Auction

We consider a network with 10 model owners competing for
the services of 3 FL workers. We first show the performance
of the deep learning based auction against the traditional SPA.
Then, we study the effects on the revenues of the FL workers
under varying parameters: (i) data requirements of the model
owners, (ii) amount of coded redundant computations per-
formed by the model owners, (iii) fraction of data quantity
processed by the FL workers and (iv) privacy budget of the
FL workers. In order to implement the optimal auction design,
we use the TensorFlow Deep Learning Library.

To evaluate the performance of the deep learning based
auction, we compare it against the traditional SPA scheme.
From Figs. 10-12, we observe that the revenues of FL work-
ers 1, 2 and 3 are higher under the deep learning based
auction than that of the SPA scheme. The reason is that
the deep learning based auction can not only ensures the
individual-rationality and incentive-compatibility properties of
the auction design, but also maximizes the revenues of the
FL workers. Specifically, in each round of auction, the revenue
of the FL worker is higher than that of the second highest bid
of a model owner.

Fig. 12. Revenue of FL worker 3 under different data requirement distribu-
tions of model owners.

Fig. 13. Revenue under different amount of coded redundant computations
completed by the model owners.

We examine the impact on the revenues of the FL workers
under varying parameter values. Firstly, we consider model
owners with different ranges of the data requirement distri-
bution, i.e., ηi ∼ U [0, 0.4] and ηi ∼ U [0.6, 0.9]. Figure 10
shows that the revenue of the FL worker 1 is higher when the
distribution range of the model owners’ data requirements is
higher. Specifically, FL worker 1 earns 8055 units of revenue
when the data requirements of the model owners are between
0 and 0.4 but it earns 10788 when the data requirements
of the model owners are between 0.6 and 0.9. With larger
data requirements for their FL models, the model owners
are willing to pay higher for the services of the FL workers
in their CFL training tasks. The same trend is observed for
FL worker 2 and 3 in Figs .11 and 12 respectively.

Secondly, we vary the amount of coded redundant compu-
tations performed by the model owners. Figure 13 shows that
as the amount of coded redundant computations completed
by the model owner increases, the revenue of the FL worker
decreases. Specifically, for the same distribution range of data
requirements ηi ∼ U [0, 0.4], FL worker’s privacy budget
of 0.4 and fraction of data quantity processed by the FL worker
of 0.75, when the model owner processes 1000 data samples,
the FL worker has a revenue of 2712 instead of 6779 when it
processes 600 data samples. Since the model owner requires
fewer resources of the FL worker to complete the CFL training
tasks, it bids lower for the FL worker. Thirdly, we consider the
different amount of data quantity processed by the FL worker.
From Fig. 14, we observe that the FL worker earns a higher
revenue if it is able to process a larger fraction of its entire
dataset. The reason is that with more capable and reliable FL
workers, there is less need for the model owners to perform
the coded redundant computations to reduce the computation
latency, and hence the model owners bid higher for them.

Lastly, we assess the effects of different privacy budgets
on the revenues of FL workers. Figure 15 illustrates that the
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Fig. 14. Revenue under different amount of optimal data quantity processed
by the FL worker.

Fig. 15. Revenue under FL workers with different privacy budgets.

revenue of the FL worker increases when its privacy budget
increases. The FL worker with a privacy budgets of 0.6 and
0.1 earns 10788 and 8034, respectively, when ηi ∼ U [0.6, 0.9],
γi = 600 and d∗j/dj = 0.75. The model owners submit larger
bids for FL workers with larger privacy budgets as the data of
FL workers with larger privacy budgets are less noisy, leading
to better accuracy of their FL models.

VII. CONCLUSION

In this paper, we proposed a hierarchical two-level incentive
mechanism design to allocate the resources of the data owners
and FL workers efficiently in order to complete the CFL tasks.
Given the optimal training data samples that are evaluated by
the FL workers and model owners, the CodedFL scheme is
applied to determine the amount of coded redundant computa-
tions to be completed by the model owners in order to mitigate
the straggler effects and minimize computation latency. In the
lower level, we proposed an evolutionary game in which the
data owners are free to choose among any FL workers to join
and support the training tasks of the FL workers. In the upper
level, we presented a deep learning based auction to allocate
the FL workers to the model owners, given the bids of the
model owners for the FL workers.

For our future work, we can consider extending the
two-level incentive mechanism to non-linear regression tasks
in CFL. Besides, we can also consider the reputation of the
model owners when determining the winners for the services
of the FL workers.
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