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Dynamic Game and Pricing for Data Sponsored 5G
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Abstract— By enabling revenue sharing between the network
operators and the sponsors, the sponsored data has been proven
to be a promising solution and is becoming a ubiquitous trend in
the fifth generation (5G) networks for improving data connectiv-
ity for the users, increasing mobile engagement for the sponsors,
and ensuring revenue for the network operators. In this paper,
we investigate the data sponsored 5G system on a long-run basis.
Compared with the conventional dynamic, i.e., long-run, model,
the users in the system are memory-affecting, i.e., the users’
decision-making is affected by their past service experience.
In the system under our consideration, the users decide on the
communication service access by jointly taking into account their
instantaneous achievable utility and the history of their service
experience, e.g., the past improved utility corresponding to the
data sponsorship. The 5G system works as the utility provider
for managing the communication service. Specifically, by using
the concept of the power-law fading memory and the classical
evolutionary game theory, we formulate a population game to
model and study the dynamic behaviors of the players in the
data sponsored 5G system. In the game, the interaction among
the memory-affecting rational users is formulated as a fractional
evolutionary game, and the communication service management
of the 5G system is formulated as a classical evolutionary
game. We analytically prove the existence and uniqueness of
the solution to the population game. We both analytically and
numerically verify the stability of the solution. The performance
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evaluation shows some insightful results. For example, the data
sponsorship can significantly increase the data consumption for
the users when they are heavily memory-affecting. Following this,
we study a data sponsorship pricing problem with the objective
to maximize the data consumption at the expense of the minimal
data sponsorship.

Index Terms— Fifth generation systems, memory-affecting ra-
tionality, sponsored data, dynamic game.

I. INTRODUCTION

TO ADDRESS the great challenges caused by the cus-
tomers’ excessive unwillingness of paying extra for 5G

networks, the network operators need to monetize partners and
introduce indirect monetization mechanisms such as sponsored
data [1]. The key idea of the sponsored data is to enable the
customers to access mobile content, apps, and data services
without any impact on their own data allowance by passing the
data delivery charges to the sponsors [2]. As pointed out in [3],
through enabling the network operators to unlock new mobile
data monetization opportunity by offering third-party sponsors
the ability to pay with sponsored data, the Aquto sponsored
data solution is proven to be a win-win-win for the network
operators, sponsors, and customers. As shown in Fig. 1(a),
with the help of the sponsored data in monetizing the network
resources and services, the network operators can receive new
revenue streams from the sponsors. Moreover, by receiving
the reward from the network operators, the users can receive
cheaper access to the data service and premium content.
Furthermore, through sponsoring the data usage for specific
content, app, and service, a higher user engagement can be
promised for the sponsors. As verified in [3], the network
operators can enjoy new revenue streams from sponsors and
up to 15% increase in average revenue per user (ARPU) from
the prepaid subscribers while a more positive attitude has been
expressed by 75% of the users toward the operators.

A. Challenges

In this paper, we study a data sponsored 5G system, where
the data usage of the users in the system is under the data
sponsorship scheme. Moreover, the system under our consider-
ation is investigated on a long-run basis, in which the dynamic
behaviors of the parties in the system are studied. Compared
with the conventional dynamic models such as [4] and [5],
we consider that the past service experience, i.e., memory,
of the users, which can be considered to be economic agents
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Fig. 1. (a) 5G business ecosystem and (b) data sponsored 5G system with memory-affecting rational user.

from the economic view, can affect their current decision-
making. The reason for considering the memory effect can
be explained by using a real-world example that plenty of
people buy vintage clothes, which are largely considered out of
style by today’s standards, due to the impact of the economics
of nostalgia on the people’s decision-making [6]. As such,
a series of issues are to be investigated in the considered
long-run data sponsored 5G system:

1) Although sponsored data has shown a great potential
in helping the network operators to monetize their net-
work resources and services as well as paying soaring
expenditures incurred by the operation, the role of the
data sponsorship in improving the system performance
of the 5G system still remains unknown especially in
the case of long-run basis.

2) Facing the joint impact of the data sponsorship and
memory, the users’ behaviors should be studied by
jointly taking into account the instantaneous achievable
utility and their past improved service experience corre-
sponding to the data sponsorship within the memory.

3) Due to the memory-affecting rationality of the users in
the system, any change in the communication service
management of the system may not have an immediate
response from the users. In this case, the memory
of the users indirectly affects the service management
of the system with an unknown effect on the system
performance.

To depict the role of memory in the users’ decision-
making, we resort to the power-law fading memory [7].
As such, the impact of the users’ memory on their ratio-
nality, i.e., decision-making, can be modeled by using the
fractional calculus, i.e., the integrals and derivatives at the
fractional order. It is worth noting that the memory effect has
already been investigated in other areas, such as biology and
economics. For example, the authors in [8] investigated the
impact of memory on the dengue transmission. The reason

for incorporating the memory in the dengue transmission is
that the endemic awareness about the dengue will lessen the
contact rate between the hosts and mosquitoes. In economics,
under the consideration that the economic processes at any
given time depend not only on the instantaneous status of
the processes but also on their past status, generalizations of
the logistic growth was derived in [9], where the competition
and power-law memory as well as crises had been taken into
account. By adopting the memory effect, the aforementioned
dynamic processes are memory-aware, which leads to different
dynamics even under the identical changes in the values of the
present status of the processes.

B. Our Contributions

In this paper, we investigate the data sponsored 5G system
with memory-affecting rational users on a long-run basis,
where the downlink non-orthogonal multiple access (NOMA)
system is considered to be the application scenario. As shown
in Fig. 1(b), there are three parties in the system, i.e., the 5G
system provisioning the communication service and working
as the utility provider, the service customers together with
their memory constituting the memory-affecting rational users,
and the sponsors incentivizing the users with a flat data
sponsorship. In the system shown in Fig. 1(b), the users’
decision-making, i.e., 4©, is affected by the joint impact,
i.e., 3©, of their memory, the status of the 5G system (e.g.,
downlink power allocation), and the data sponsorship, which
are marked by 2©, 1©, and 6©, respectively. Specifically,
the status of the 5G system and the data sponsorship jointly
determine the instantaneous achievable utility for the user by
respectively controlling the downlink power and reducing the
service fee. The user’s memory, which is the knowledge of
its past service experience, affects its attitude, e.g., positive
or negative, toward the instantaneous achievable utility. Then,
as the users’ decisions determine their data consumption,
i.e., 5©, this joint impact 3© will further indirectly influence the
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system performance of the 5G system and the cost efficiency
of the data sponsorship for the sponsors, i.e., 8© and 7©
in Fig. 1(b), respectively. Considering this, we formulate a
population game based on the classical evolutionary game
theory, where the effect of the users’ memory has been taken
into account by using the power-law fading memory. With
our proposed population game, the joint impact of the data
sponsorship and users’ memory as well as the status of 5G
system on the behaviors of the parties in the data sponsored
5G system can be investigated.

In the following, we summarize the main contributions of
this paper:

• We formulate the interplay among the parties of the 5G
system as a population game. In the proposed population
game, the users are memory-affecting rational and their
dynamic behaviors are studied by formulating a fractional
evolutionary game. Moreover, we model the time-variant
operation of the 5G system as a classical evolutionary
game.

• We theoretically validate both the existence and unique-
ness of the solution to the population game. We also
both numerically and analytically study the stability of
the solution to the population game.

• In the numerical studies, a series of insightful conclusions
are drawn for the long-run data sponsored 5G system with
memory-affecting rational users. For example, by study-
ing a data sponsorship pricing problem, we find that a
higher data sponsorship can significantly improve the
system performance of the 5G system when the users
are heavily memory-affecting.

The rest of the paper is organized as follows. In Section II,
we review the related work. Section III introduces the prelim-
inary knowledge including the power-law fading memory and
the operation principle of the 5G system. Section IV describes
the system model of the data sponsored 5G system and the
formulation of the population game, which is constituted of
a classical evolutionary game and a fractional evolutionary
game. Section V mathematically analyzes the solution of
the proposed population game with respect to the existence,
uniqueness, and stability of the solution, which is followed by
the performance evaluation in Section VI. Section VII presents
the conclusion of the paper.

II. RELATED WORK

A. Sponsored Data

Due to the massive investment in the network capacity
required to satisfy the end users’ demand for service, spon-
sored data is receiving increasing attention in recent years
from both the academic areas and the service providers [10].
The authors in [11] discussed the benefits of the sponsored
mobile data for the users, the sponsorship providers (spon-
sors), and the Internet service providers (network operators).
A time-dependent sponsoring was proposed in [12], the key
intuition of which is to improve the bandwidth resources
utilization by migrating some of the traffic consumption from
the peak times to the off-peak times. In [13], a problem of
quality-sponsored data (QSD) was introduced in networks,

where the implications of QSD on the market entities were
studied. Therein, the optimal network resources monetization
for the network operator was investigated by taking into
account its monetary revenue and the satisfaction of the end
users. A two-stage Stackelberg game was proposed by the
authors in [14] to model the interaction between the sponsored
content providers and the Internet service providers, and the
results of which have revealed some important findings. For
example, the Internet service providers and the users can
achieve a win-win trade when the Internet service providers
and sponsored content providers always compete for the
revenue.

B. Dynamic Model for Wireless Networks

By enabling the players to interact with each other on
a long-run basis and due to the ability of accounting for
time-dependent changes in the states of the system, dynamic
model has been adopted to describe the dynamics of the
wireless networks in some works. In [15], the authors adopted
dynamic spectrum access to improve the spectral utilization
efficiency of the cognitive radio networks. From the perspec-
tive of real-world application scenario, the authors took into
account the additional interference caused by the fact that the
secondary users are unaware of the behaviors of the primary
users. Based on the evolutionary game theory, the authors
in [16] proposed a distributed learning mechanism to investi-
gate the distributed spectrum access of the users in the scenario
of incomplete information, i.e., time-varying heterogeneous
channels. A binary integer nonlinear optimization problem was
formulated in [17] to study the dynamic channel selection
in the cognitive radio network with heterogeneous channels,
where the total utilization of the channels was maximized for
the secondary nodes.

C. Memory Effect

Memory effect has been investigated in multiple disciplines
such as economics and psychology. In economics, dynamic
process with memory is a process that the parameters and
factors of the process at a given time are affected by their
values at the previous instants of a time interval [7]. Extensive
works in economics have taken into account the fact that the
economic agents are aware of the history of the economic
processes. For example, the authors in [18] studied economic
accelerators with memory, where the capital stock adjustment
principle has been adopted to describe the discrete accelerators
with power-law memory. In [19], an economic accelerator
and multiplier with power-law memory were described in
both the discrete-time approach and the continuous-time ap-
proach. Therein, the relationship between the discrete-time
approach and the continuous-time approach was discussed.
Regarding psychology, by considering that the time evolution
of romantic relationships was naturally impacted by memory,
a dynamic model of love was proposed in [20], where the
model takes into account the memory. The impact of memory
on happiness was evaluated in [21], where the control of
emotion and the emotion synchronization in real life were
jointly studied through a dynamic model.
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The aforementioned works in the communication and net-
working area focus on the system performance optimization
based on the assumption that the users are (bounded) rational,
and none of which has taken into account the impact of the
users’ memory on their behaviors and further on the system
performance. To our best knowledge, the paper is the first to
incorporate the memory effect and study the data sponsored
5G system with memory-affecting rational users through a
population game framework. This is the main contribution of
this paper.

III. PRELIMINARY

In this section, we first give the definition of the dy-
namic game model with the power-law fading memory in
Section III-A. Then, the network model for the 5G sys-
tem, i.e., the downlink NOMA system, is presented in
Section III-B, where the conditions for successfully per-
forming the successive interference cancellation (SIC) are
illustrated.

A. The Dynamic Game Model With the Power-Law Fading
Memory

Generally, the memory plays a fundamental role in the
long-run processes such as stock trading and market feedback.
The reason for incorporating the memory-affecting rational-
ity for the users in a long-run market can be explained
by using a real-world example that user’s experience two
years ago usually plays a weaker role in the user’s current
decision-making than that one year ago does. Considering
this case, we resort to the power-law fading memory such
that the impact of the dynamic memory, e.g., fading memory,
on the customer’s decision-making can be captured. Specif-
ically, according to [7], the dynamic game model with the
power-law fading memory can be derived as follows:

1) Typically, in the existing literature of the communication
and networking such as [4] and [5], a dynamic game
model can be expressed as follows:

d
dt
z (t) = Z (z (t)) with z (0) = z0 and t ∈ [0, T ] ,

(1)

where d
dt is the differential operator with respect to time

t at the order of 1, z (t) is the action of the player at time
t and the function Z (·) is a mapping that derives the
reaction at time t, i.e., d

dtz (t), for the player depending
on the player’s action at time t, i.e., z (t). However,
such a dynamic game model does not take into account
the impact of the past action of the player, i.e., z (τ)
with τ ∈ [0, t), on its reaction at time t, i.e., d

dtz (t).
Consequently, the player in the dynamic game model is
memory-unaware.

2) In this regard, we resort to the power-law fad-
ing memory, which is described by using the frac-
tional calculus [7]. Specifically, we first transform the
dynamic game model in (1) to the integral form,
i.e., d

dtz (t) = Z (z (t)) with z (0) = z0 ⇔
z (t) = z0 + 0Jt (Z (z (τ))) = z0 +

∫ t
0 Z (z (τ)) dτ ,

where 0Jt (ẑ (·)) =
∫ t
0
ẑ (τ) dτ is an integration opera-

tor. Then, according to [7], a fractional integral defined
as follows [22]:

0I
β
t z (t) =

∫ t

0

(t− τ)β−1

Γ (β)
z (τ) dτ (2)

is introduced to replace the integration operator 0Jt of
the dynamic game model in the integral form, where
Γ (·) is the gamma function defined as follows [23]:

Γ (β) =
∫ +∞

0

xβ−1e−xdx (3)

and β ∈ (0, 1). Accordingly, a dynamic game model
with power-law fading memory in integral form can
be expressed as z (t) = z0 + 0I

β
t (Z (z (t))) = z0 +∫ t

0
(t−τ)β−1

Γ(β) Z (z (τ)) dτ . Therein, the fading character-
istic of the memory can be captured by the characteristic
of the power-law functional form of the fractional inte-
gral. Moreover, in d

dtz (t) defined as follows:

d
dt
z (t) =

d
dt

⎡⎣z0 +
1

Γ (β)

t∫
0

Z (z (τ))

(t− τ)1−β
dτ

⎤⎦
=

1
Γ (β)

Z (z (0))
t1−β

+
1

Γ (β)

t∫
0

d
dτZ (z (τ))

(t− τ)1−β
dτ,

(4)

we observe that the reaction of the player, i.e., d
dtz (t),

in the dynamic game model with power-law fading
memory no longer depends only on the action at time t,
i.e., z (t). It is also subject to the past action, i.e., z (τ)
for all τ ∈ [0, t). Note here that the memory effect
described by the fractional calculus has been validated
extensively in experiments and widely adopted in eco-
nomics and psychology as well as material science [24].

3) At last, according to the left-sided Caputo fractional
derivative defined as follows [9]:

C
0D

β
t f (t) =

1
Γ (�β� − β)

∫ t

0

f (�β�) (τ)

(t− τ)β+1−�β�dτ, (5)

a dynamic model with power-law fading memory in
the expression of fractional differential equation is as
follows:

C
0D

β
t z (t) = C

0D
β
t

⎛⎝z0 +
1

Γ (β)

t∫
0

Z (z (τ))

(t− τ)1−β
dτ

⎞⎠
= Z (z (t)) (6)

with z (0) = z0, where �β� is the minimum integer that
is larger than β.

As the memory effect extensively exists in the real world,
the dynamic game model with memory effect can be widely
adopted to study the role of the users’ memory in the com-
munication and networking service provision.
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B. Network Model for 5G System: Downlink NOMA System

Considering an ordered set of users, denoted by N , the users
in the set N are sorted according to their channel gains,
i.e., h1 > h2 > · · · > hi > · · · > hN , for all i ∈ N ,
where N is the cardinality of N . Let pt

k,i be the downlink
power for user i at resource block (RB) k ∈ K and Nk ⊆ N
denote the set of the users being paired at and accessing
the downlink communication service of RB k, where Nk is
also an ordered set, i.e., hi > hj if i < j for all i and
j ∈ Nk. In the downlink NOMA system, due to the operation
principle of SIC [25], for the users paired at the same RB,
user i ∈ Nk can perform SIC to cancel the interference from
user j ∈ {n|n > i, ∀n ∈ Nk} whereas user j suffers the
interference from user i ∈ {n|n < j, ∀n ∈ Nk}. Therefore,
the achievable transmission rate for user i ∈ Nk at RB k
is [26]

Rk,i=wkB log2

⎛⎜⎝1+
pt
k,ihi∑

j∈Nk\{i,i+1,...,Nk}
pt
k,jhi + wkBN0

⎞⎟⎠ ,

(7)

where N0 is the noise power spectral density, Nk is the
cardinality of Nk, wk is the number of channels of RB k, and
B is the bandwidth of the channel. Similar to [27] and [28],
we assume that the inter-cell interference is included in the
noise term of (7) for simplicity. This is due to the fact that
the base stations (BSs) using the same RB will be located far
away to each other in order to lower the negative effect caused
by the inter-cell interference in the network.

To perform SIC in the downlink NOMA system, the down-
link power for the users paired at the same RB needs to be
allocated properly. With the downlink power of pt

k,i for user i
at RB k, the SIC can be successfully performed for the users
paired at the same RB if and only if the following conditions
are satisfied [26]

pt
k,m

hi
BN0

− hi
BN0

∑
j∈Nk\{m,m+1,...,Nk}

pt
k,j ≥ pgap,

∀m ∈ {i+ 1, . . . , Nk} , (8)

where pgap is the minimum power difference required to
distinguish between the signal to be decoded and the remaining
non-decoded message signals.

IV. SYSTEM MODEL

As shown in Fig. 2, we consider the downlink NOMA
system as the application scenario for the 5G system, where
the BS is considered to be the service manager of the 5G
system and responsible for the inter-RB downlink power
allocation. In the system, the data consumers, i.e., users, are
under the data sponsorship and pairing among the RBs and
access the downlink communication service. In this section,
the user’s expected achievable transmission rate is given in
Section IV-A, the intra-RB downlink power allocation for the
users paired at the same RB is presented in Section IV-B,
Section IV-C describes the model, and Section IV-D shows
the formulation of the population game.

Fig. 2. System model.

A. User’s Expected Achievable Transmission Rate

We consider that a set of users, denoted by N defined
in Section III-B, are pairing among the RBs and access the
downlink communication service. Let xk,i be the probability
that user i ∈ N is paired at and access the downlink com-
munication service of RB k ∈ K. Regarding the achievable
transmission rate of the downlink communication service for
the users paired at RB k, we present the following example.
Three users can be paired at RB k. Note that the cases with
more than 3 users can be investigated similarly. Suppose that
users 1, 2, and 3 are paired at RB k with the probabilities of
xk,1, xk,2, and xk,3, respectively. Moreover, the users paired
at the same RB are sorted according to their channel gains,
i.e., Nk = {1, 2, 3} with h1 > h2 > h3. In this example,
the achievable transmission rate of user 3 at RB k has four
cases:

1) user 1 is paired at RB k while user 2 is not paired at
RB k;

2) user 1 is not paired at RB k while user 2 is paired at
RB k;

3) both users 1 and 2 are paired at RB k;
4) neither user 1 nor user 2 is paired at RB k.

As the channel gain of user 3, i.e., h3, is the lowest one among
these three users, it will suffer the interference from user 1 or
user 2, or both, if at least one of them is paired at the same
RB as user 3. Therefore, for the 1-st case, user 3 will suffer
the interference from user 1, and the SINR of user 3 at RB

k is accordingly
ptkα

{1,3}
k,3 h3

ptkα
{1,3}
k,1 h3+wkBN0

with the event occurring

probability of xk,1 (1 − xk,2)xk,3, where pt
kα

{1,3}
k,3 = pt

k,3 is
the downlink power for user 3 at RB k in the 1-st case, pt

k

is the downlink power that the BS allocates to RB k, and
α
{1,3}
k,3 is the ratio of the downlink power of RB k that is

allocated to user 3 in the 1-st case. Note here that the intra-RB
downlink power allocation for the users paired at the same RB,
e.g., α{1,3}

k,3 , will be discussed explicitly in Section IV-B. In a
similar way, the SINRs of user 3 at RB k in the 2-nd and
3-rd cases as well as the SNR of user 3 at RB k in the 4-th
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case are
ptkα

{2,3}
k,3 h3

ptkα
{2,3}
k,2 h3+wkBN0

,
ptkα

{1,2,3}
k,3 h3�

j∈Nk\{3}
ptkα

{1,2,3}
k,j h3+wkBN0

, and

ptkα
{3}
k,3 h3

wkBN0
, respectively. Moreover, the event occurring probabil-

ities for the 2-nd, 3-rd, and 4-th cases are (1 − xk,1)xk,2xk,3,
xk,1xk,2xk,3, and (1 − xk,1) (1 − xk,2)xk,3, respectively.
Then, according to the achievable transmission rate given
in (7), the expected achievable transmission rate of user 3 at
RB k is accordingly

R̄k,3

= wkB

{
log2

(
1 +

pt
kα

{1,3}
k,3 h3

pt
kα

{1,3}
k,1 h3 + wkBN0

)
× xk,1 (1 − xk,2)xk,3

+ log2

(
1 +

pt
kα

{2,3}
k,3 h3

pt
kα

{2,3}
k,2 h3 + wkBN0

)
(1 − xk,1)xk,2xk,3

+ log2

⎛⎜⎜⎝1 +
pt
kα

{1,2,3}
k,3 h3∑

j∈Nk\{3}
pt
kα

{1,2,3}
k,j h3 + wkBN0

⎞⎟⎟⎠
× xk,1xk,2xk,3

+ log2

(
1 +

pt
kα

{3}
k,3 h3

wkBN0

)
(1 − xk,1) (1 − xk,2)xk,3

}
.

(9)

Similar to the derivation of the expected achievable trans-
mission rate for user 3 at RB k, the expected achievable
transmission rates of users 2 and 1 at RB k are

R̄k,2

= wkB

{
log2

(
1 +

pt
kα

{1,2,3}
k,2 h2

pt
kα

{1,2,3}
k,1 h2 + wkBN0

)
xk,1xk,2xk,3

+ log2

(
1 +

pt
kα

{2}
k,2 h2

wkBN0

)
(1 − xk,1)xk,2 (1 − xk,3)

+ log2

(
1 +

pt
kα

{1,2}
k,2 h2

pt
kα

{1,2}
k,1 h2 + wkBN0

)
xk,1xk,2 (1 − xk,3)

+ log2

(
1 +

pt
kα

{2,3}
k,2 h2

wkBN0

)
(1 − xk,1)xk,2xk,3

}
(10)

and

R̄k,1

= wkB

{
log2

(
1 +

pt
kα

{1,3}
k,1 h1

wkBN0

)
xk,1 (1 − xk,2) xk,3

+ log2

(
1 +

pt
kα

{1,2}
k,1 h1

wkBN0

)
xk,1xk,2 (1 − xk,3)

+ log2

(
1 +

pt
kα

{1,2,3}
k,1 h1

wkBN0

)
xk,1xk,2xk,3

+ log2

(
1 +

pt
kα

{1}
k,1 h1

wkBN0

)
xk,1 (1 − xk,2) (1 − xk,3)

}
,

(11)

respectively.

B. Intra-RB Downlink Power Allocation

As discussed in Section III-B, the SIC can be performed
only when the intra-RB downlink power allocation for the
users paired at the same RB can satisfy the conditions in (8).
In this regard, we propose an intra-RB downlink power allo-
cation with the aim of the RB’s total downlink transmission
rate maximization. In our proposed intra-RB downlink power
allocation, the condition for successfully performing SIC can
be guaranteed and the number of the serving users over
the same RB depends on the system status (e.g., RB’s total
downlink power and users’ channel gains). For the sake
of comprehension, we recall the representative example in
Section IV-A, where three users, i.e., users 1, 2, and 3, can
be paired at the same RB, i.e., RB k ∈ K. Note again that
this example can easily be extended to the scenario with more
than 3 users. In this example, the intra-RB downlink power
allocation is investigated under three cases, i.e., all three users
(i.e., users 1, 2, and 3) are paired, any two of the users (e.g.,
users 1 and 3) are paired, and only one user (e.g., user 3) is
paired at RB k ∈ K. Specifically,

1) In the 1-st case, the conditions for user 1 to successfully
cancel the interference from user 2 and 3 are

pt
kα

{1,2,3}
k,3

h1

BN0
− h1

BN0
pt
k

(
α
{1,2,3}
k,1 + α

{1,2,3}
k,2

)
≥ pgap

⇔ α
{1,2,3}
k,3 −

(
α
{1,2,3}
k,1 +α{1,2,3}

k,2

)
≥ BN0p

gap

h1pt
k

(12)

and
h1

BN0
pt
kα

{1,2,3}
k,2 − h1

BN0
pt
kα

{1,2,3}
k,1 ≥ pgap

⇔ α
{1,2,3}
k,2 − α

{1,2,3}
k,1 ≥ BN0p

gap

h1pt
k

, (13)

respectively, and that for user 2 to successfully cancel
the interference from user 3 is

pt
kα

{1,2,3}
k,3

h2

BN0
− h2

BN0
pt
k

(
α
{1,2,3}
k,1 + α

{1,2,3}
k,2

)
≥ pgap

⇔ α
{1,2,3}
k,3 −

(
α
{1,2,3}
k,1 +α{1,2,3}

k,2

)
≥ BN0p

gap

h2pt
k

. (14)

As h1 > h2, the conditions in (12) and (14) can be
combined together as follows:

α
{1,2,3}
k,3 −

(
α
{1,2,3}
k,1 + α

{1,2,3}
k,2

)
≥ BN0p

gap

h2pt
k

= max
{
BN0p

gap

h1pt
k

,
BN0p

gap

h2pt
k

}
. (15)

Since α{1,2,3}
k,1 +α{1,2,3}

k,2 +α{1,2,3}
k,3 = 1, we add it to (15)

and can accordingly have(
α
{1,2,3}
k,1 + α

{1,2,3}
k,2 + α

{1,2,3}
k,3

)
+

(
α
{1,2,3}
k,3 −

(
α
{1,2,3}
k,1 + α

{1,2,3}
k,2

))
≥ BN0p

gap

h2pt
k

+ 1

⇔ 2α{1,2,3}
k,3 ≥ BN0p

gap

h2pt
k

+ 1 ⇔ α
{1,2,3}
k,3 ≥ 1

2

+
BN0p

gap

2h2pt
k

. (16)
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We consider that the BS aims at maximizing RB down-
link transmission rate. As such, if all the three users are
paired at the same RB, i.e., the 1-st case, the user with
the highest channel gain, i.e., user 1, should be allocated
with as high downlink power as possible under the fea-
sible conditions of performing SIC. In contrast, the user
with the lowest channel gain, i.e., user 3, will be allo-
cated with as low downlink power as possible under the
feasible conditions of performing SIC. Following this,
α
{1,2,3}
k,3 is equal to its lower bound, i.e., 1

2 + BN0p
gap

2h2ptk
,

if 1
2 + BN0p

gap

2h2ptk
∈ [0, 1]. Note here that as the inter-RB

downlink power is allocated by the BS, the sum of the
downlink powers of the users paired at the same RB,
e.g., RB k, cannot exceed the total downlink power that
the BS allocates to RB k. In this case, the domain of
definition of α{1,2,3}

k,3 is [0, 1], and the value of α{1,2,3}
k,3 is

accordingly equal to max
{
0,min

{
1, 1

2 + BN0p
gap

2h2ptk

}}
.

Then, we accordingly have α
{1,2,3}
k,1 + α

{1,2,3}
k,2 =

1 − α
{1,2,3}
k,3 . By adding this to the result of (13),

we have α{1,2,3}
k,2 ≥ 1

2 + BN0p
gap

2h1ptk
− 1

2α
{1,2,3}
k,3 . Similar

to α{1,2,3}
k,3 , α{1,2,3}

k,2 is equal to its lower bound with the

constraints from the domain of definition, i.e., α{1,2,3}
k,2 =

max
{

0,min
{

1, 1
2 + BN0p

gap

2h1ptk
− 1

2α
{1,2,3}
k,3

}}
. As last,

we can deduce that α
{1,2,3}
k,1 = 1 − α

{1,2,3}
k,2 −

α
{1,2,3}
k,3 . Moreover, by including the constraints from

the domain of definition, α
{1,2,3}
k,1 is equal to

max

{
0,min

{
1, 1 −

∑
j∈{2,3}

α
{1,2,3}
k,j

}}
.

2) For the 2-nd case, according to the feasible condition of
performing SIC in (8), user 1 can remove the interfer-
ence from user 3 if and only if

pt
kα

{1,3}
k,3

h1

BN0
− h1

BN0
pt
kα

{1,3}
k,1 ≥ pgap

⇔ α
{1,3}
k,3 − α

{1,3}
k,1 ≥ BN0p

gap

h1pt
k

. (17)

Similar to the 1-st case, let α{1,3}
k,3 +α

{1,3}
k,1 = 1, we can

accordingly have α{1,3}
k,3 ≥ BN0p

gap

2h1ptk
+ 1

2 and α
{1,3}
k,1 =

1 − α
{1,3}
k,3 . Again, for the purpose of maximizing the

transmission rate of RB k ∈ K, α{1,3}
k,3 is equal to

max
{

0,min
{

1, BN0p
gap

2h1ptk
+ 1

2

}}
and hence α

{1,3}
k,1 =

max
{

0,min
{

1, 1 − α
{1,3}
k,3

}}
.

3) In the 3-rd case, as only user 3 is paired at RB k ∈ K,
all the downlink power of RB k will be allocated to
user 3, and the downlink power for user 3 at RB k ∈ K
is pt

k,3 = α
{3}
k,3 p

t
k = pt

k with α{3}
k,3 = 1.

C. Model Description

1) User’s Utility: With the expected achievable transmis-
sion rate R̄k,i derived in Section IV-A, the utility that user i
can obtain from pairing at RB k ∈ K is

Uk,i = λk,iR̄k,i − φk,iR̄k,i = (λk,i − φk,i) R̄k,i, (18)

where λk,i and φk,i are respectively the utility and the price
of downloading one unit data through RB k ∈ K for user i.
Therein, the first term of (18), i.e., λk,iR̄k,i, is the utility that
user i can achieve through being paired at RB k and the second
term of (18), i.e., φk,iR̄k,i, is the service fee that user i needs to
pay. Moreover, after including the data sponsorship, the user’s
utility obtained from pairing at RB k is

UWS
k,i = Uk,i + φk,iR̄k,isi = [λk,i − φk,i (1 − si)] R̄k,i, (19)

where si is the fraction of the consumed data, i.e., the
transmission rate, under the data sponsorship for user i.
Here, we investigate the behavior of the user under different
sponsorship policies, e.g., total free access and partial free
access1. Following this, in (19), we assume that the value of si
can be varied from 0 to 1, i.e., si ∈ [0, 1], and different values
of si belonging to [0, 1] represent different data sponsorship
policies.

2) BS’s Payoff: The BS allocates the downlink power by
jointly considering the spectral efficiency of its RBs and the
inter-cell interference. Specifically, the payoff of the BS should
be described not only in terms of its own system performance,
i.e., the spectral efficiency of its RBs, but also from the point
of view of the negative effect that it causes to other BSs,
i.e., the penalty for causing the interference to the other BSs.
First, let pt denote the total downlink power budget of the BS
and rk denote the ratio of the total downlink power budget
that the BS allocates to RB k ∈ K, the downlink power of
RB k is accordingly pt

k = ptrk . As a result, based on (18),
the total downlink transmission rate that the BS can achieve
at RB k is

∑
i∈N

R̄k,i, where R̄k,i is affected by rk through

pt
k defined in (9), (10), and (11). Accordingly, with the sum

of the achievable transmission rates of all the users at RB k,

i.e.,
∑
i∈N

R̄k,i, the spectral efficiency of RB k is Ωk =

�
i∈N

R̄k,i

wkB
,

i.e., in bps/Hz.
Second, the BS tries to avoid causing large inter-cell inter-

ference to the other BSs. In this case, similar to [30] and [31],
we introduce a cost term for the BS, which corresponds to the
penalty for causing the inter-cell interference to the other BSs.
Overall, the payoff of the BS at RB k can be defined as
follows:

Πk = γΩΩk − γΦΦk, (20)

where Φk = Φk (rk) is the penalty of the BS at RB k due
to causing the inter-cell interference. Φk (rk) = (rkpt)

2 is an
increasing convex function and larger than 0 when rk > 0. The
convexly increasing feature of Φk (rk) indicates the surging
cost of incurring inter-cell interference for the other BSs that
use the same RB. γΩ and γΦ are positive weighting factors
representing the relative importance of the payoff components.

1There include various forms for data sponsorship due to the extensive
motivations for providing data sponsorship. For example, the app providers try
to popularize their apps by offering sponsored access to their subscribers [29].
Another example can be the government that grant certain communities
sponsored access to the important services such as healthcare.
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D. Game Formulation

1) The Fractional Evolutionary Game Formulation for the
Memory-Affecting Users: As we want to study the time-variant
memory-affecting rational behaviors of the users, the interac-
tion among the users is formulated as a fractional evolutionary
game, i.e., a dynamic game with memory effect, based on
the discussion in Section III-A. Specifically, based on the
utility function for user i at RB k defined in (19), user i’s
average utility over the RBs is ŪWS

i =
∑
k∈K

xk,iU
WS
k,i . Then,

with the average utility of user i, i.e., ŪWS
i , and according to

the pairwise proportional imitation protocol [32], a classical
evolutionary game model can be formulated as follows:

d
dt
xk,i (t) = exp (−ϑ)xk,i (t)

[
UWS
k,i (t) − ŪWS

i (t)
]

(21)

with xk,i (0) = x0
k,i for all k ∈ K and i ∈ N as the initial

strategies for the users, where ϑ is the learning rate controlling
the frequency of strategy adaptation. At last, based on the
concept of the power-law fading memory and according to the
discussion in Section III-A, the classical evolutionary game,
i.e., dynamic game model without memory effect, can be
reformulated into a fractional evolutionary game, i.e., dynamic
game model with memory effect, as follows:
C
0 Dβ

t xk,i (t) = exp (−ϑ)xk,i (t)
[
UWS
k,i (t) − ŪWS

i (t)
]
, (22)

with xk,i (0) = x0
k,i for all k ∈ K and i ∈ N as the initial

strategies for the users, and β ∈ (0, 1) denotes the order of
the fractional derivative.

2) The Classical Evolutionary Game Formulation for the
Inter-RB Power Allocation of the BS: As the BS is actually
an optimizer considering only the instantaneous achievable
payoff rather than the past outcomes, we consider the BS to be
a pure payoff-driven, i.e., instantaneous-payoff-driven, player.
As such, the inter-RB power allocation problem of the BS
is formulated as a classical evolutionary game. Again, based
on the pairwise proportional imitation protocol, the classical
evolutionary game for the BS is as follows:

d
dt
rk (t) = exp (−ϑ) rk (t)

[
Πk (t) − Π̄ (t)

]
(23)

with rk (0) = r0k for all k ∈ K as the initial state, where
Π̄ =

∑
k∈K

rkΠk is the average payoff of the BS obtained from

its RBs. Note here that the inter-RB power allocation problem
of the BS is formulated by taking into account the dynamic
strategies of the memory-affecting rational users.

In summary, to jointly study the interplay among the users
and the interaction between the users and the BS in the data
sponsored 5G system, we formulate a population game, where
the users with memory-affecting rationality interact with each
other in the fractional evolutionary game, and the BS decides
on the inter-RB downlink power allocation in the classical
evolutionary game. Following this, the population game for
modeling the time-variant behaviors of the parties (including
the memory-affecting rational users and the BS) in the data
sponsored 5G system is formulated as follows:

C
0 Dβ

t xk,i (t) = exp (−ϑ)xk,i (t)
[
UWS
k,i (t) − ŪWS

i (t)
]

d
dt
rk (t) = exp (−ϑ) rk (t)

[
Πk (t) − Π̄ (t)

]
(24)

with xk,i (0) = x0
k,i for all k ∈ K and i ∈ N and rk (0) = r0k

for all k ∈ K as the initial strategies, where t ∈ T = [0, T ].

V. EQUILIBRIUM ANALYSIS

In this section, we provide the mathematical analysis of the
solution to the population game. In Theorem 1, we prove that
the population game has an equivalent problem. In Theorem 2,
by verifying the uniqueness of the solution to the equivalent
problem, the uniqueness of the solution to the population game
can be guaranteed. At last, we study the stability of the solution
to the population game in Theorem 3.

A. Existence and Uniqueness of the Solution
to the Population Game

By letting X (t) = [xk,i (t)]k∈K,i∈N , R (t) = [rk (t)]k∈K,

Y (t) = [X (t) ,R (t)], X (0) = X0 =
[
x0
k,i

]
k∈K,i∈N

,

R (0) = R0 =
[
r0k
]
k∈K, Y0 =

[
X0,R0

]
, N be the cardinal-

ity of set N , K be the cardinality of set K, F (X (t) ,R (t)) =[
exp (−ϑ)xk,i (t)

[
UWS
k,i (t) − ŪWS

i (t)
]]
k∈K,i∈N

,

G (X (t) ,R (t)) =
[
exp (−ϑ) rk (t)

[
Ωk (t) − Ω̄ (t)

]]
k∈K,

and C(N+1)K (T ) be the class of all continuous
column vector functions Y (·) defined on T with
‖z‖T =

∑
i

∫
T e

−μt |zi (t)| dt, the population game formulated

in (24) can be accordingly expressed in a vector form as
follows:

d
dt

R (t) = G (X (t) ,R (t)) ,

C
0 Dβ

t X (t) = F (X (t) ,R (t)) , ∀t ∈ T = [0, T ] . (25)

Theorem 1: Given R (·), the fractional evolutionary game
in (25) can be transformed to the problem defined as
follows:

X (t) = X0 + 0I
β
t F (X (t) ,R (t)) , ∀t ∈ T , (26)

if for all h ∈ {1, 2, . . . , (N + 1)K},

• Hh : C(N+1)K (T ) �→ R
+ is second-order continuous,

• for all k ∈ K and i ∈ N , ∂
∂xk,i

Hh and ∂
∂rk

Hh exist

and are bounded over C(N+1)K (T ), i.e., ∃κ ∈ R
+

such that
∣∣∣Hh

(
X̃ (t) ,R (t)

)
−Hh

(
X̂ (t) ,R (t)

)∣∣∣ <

κ
∥∥∥X̃ (t) − X̂ (t)

∥∥∥
L1

,

where Hh is the h-th element of H = [G,F].
Proof: Please refer to Appendix A for the proof. �

Intuitively, there exists an equivalent problem for the classi-
cal evolutionary game defined in (25), i.e., a system of ordinary
differential equations, as follows:

d
dt

R (t) = G (X (t) ,R (t)) ⇔ R (t) = R0

+

t∫
0

G (X (τ) ,R (τ)) dτ (27)

with the conditions given in Theorem 1. Then, the population
game can be expressed in the integral form as follows:

X (t) = X0 + 0I
β
t F (X (t) ,R (t))
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TABLE I

PARAMETER SETTING OF NETWORK MODEL [26]

Fig. 3. The users’ pairing strategies.

R (t) = R0 +

t∫
0

G (X (s) ,R (s)) ds, ∀t ∈ T = [0, T ] .

(28)

Next, in Theorem 2, we prove that the solution to the popula-
tion game in the integral form, i.e., (28), exists and is unique,
which in return indicates the existence and uniqueness of the
solution to the population game formulated in (25).

Theorem 2: There is a unique solution to the population
game defined in (25) if the conditions in Theorem 1 are
satisfied.

Proof: Please refer to Appendix B for the proof. �

B. Stability of the Solution to the Population Game

In this section, we study the stability of the solution to the
population game defined in (25). In Theorem 3, by varying the
initial state of the population game with a small perturbation,
the variation of the solution to the population game over the
time horizon can be derived.

Theorem 3: The solution of the population game defined
in (25) is uniformly stable over C(N+1)K (T ) if the conditions
in Theorem 1 are satisfied.

Proof: Let Y† (0) = Y†0 and Y‡ (0) = Y‡0
be

two different initial states of the population game and∥∥∥Y†0 − Y‡0
∥∥∥
L1

< δ. Moreover, we define that Y† (t) and

Y‡ (t) are the solutions to the population game corresponding
to the initial states of Y† (0) = Y†0 and Y‡ (0) = Y‡0,
respectively. Then, the following inequality can be deduced:∥∥Y† (·) − Y‡ (·)

∥∥
T <

1

1−Kκ
(
N
μβ + 1

μ

) ∥∥∥Y†0−Y‡0
∥∥∥
L1

.

(29)

Here, based on (29),
∥∥Y† (·) − Y‡ (·)

∥∥
T is smaller than∥∥∥Y†0 − Y‡0

∥∥∥
L1

if 1 > Kκ
(
N
μβ + 1

μ

)
. Moreover, by let-

ting ε = δ

1−Kκ
�

N

μβ + 1
μ

� , we can further deduce that

∥∥Y† (·) − Y‡ (·)
∥∥
T < ε if

∥∥∥Y†0 − Y‡0
∥∥∥
L1

< δ over

C(N+1)K (T ) when 1 > Kκ
(
N
μβ + 1

μ

)
. This demonstrates

the uniform stability for the solution to the population
game (25) [33]. This completes the proof. �

VI. PERFORMANCE EVALUATION

In this section, we present the numerical results to eval-
uate the performance of our proposed population game.
Table I presents the parameter setting of the network model,
i.e., downlink NOMA system, which is similar to those in [26].
For the ease of illustration, we evaluate the performance of the
data sponsored 5G system over the time space of T = [0, 100].
The utility coefficient, the price of downloading one unit of
data, the weighting factors, and the data sponsorship level
(i.e., λk,i, φk,i, γΩ, γΦ, and si, respectively) are 10−6 (λk,i),
5× 10−7 (φk,i), 0.1 (γΩ), 0.8 (γΦ), and 0.1 (si), respectively.
The coefficient for controlling the evolutionary speed, i.e., ϑ,
is 0. The domains of definition for rk (·) and xk,i (·) are [0, 1]
for all k ∈ K and i ∈ N .

A. Numerical Results

We first investigate the dynamic pairing strategies of the
memory-affecting rational users in Fig. 3 with N = 4. The
dynamic pairing strategies of the users have taken into account
the dynamic inter-RB downlink power allocation strategies
of the BS. The dynamic changes of the strategies of the
memory-affecting rational users in the fractional evolutionary
game indicate the adaptation in their strategies. In Fig. 3, for
the users over the same RB, e.g., users 1 and 3, we observe
that the strategy of the users with the high channel gain,
i.e., user 1, converges to the equilibrium faster than the user
with low channel gain, i.e., user 3. The reason is that user
1 can easily achieve a higher transmission rate and hence a
higher utility due to its high channel gain and the application
of SIC compared with user 3. In this way, driven by a higher
utility, the users with higher channel gain can more rapidly
evolve their strategies to the equilibrium.
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Fig. 4. The users’ utilities.

Fig. 5. (a) The BS’s inter-RB downlink power allocation, (b) the spectral efficiency, and (c) the frequency of strategy adaptation.

As shown in Fig. 4, we can observe that the rate that
the users’ utilities converge to the equilibrium state becomes
slower as the value of β decreases. The reason can be
explained as follows. First, when the value of β decreases,
the user’s memory plays a more important role in the decision-
making, which leads to a more cautious mood for the users.
Then, as a mature service customer, the user becomes to react
more slowly and cautiously. In this case, the rate that the users’
pairing strategies converge to the equilibrium becomes slower
as the value of β decreases as shown in Fig. 3, which in turn
drives a slower convergence rate for the users’ utilities. This
can also be observed from the results in Fig. 5(c) that the
frequency of the strategy adaptation for the users fluctuates
with smaller variation as the value of β decreases, which
implies less reactiveness for the users and further induces a
slower convergence rate for the users’ utilities.

As the BS needs to decide on the inter-RB downlink power
allocation by taking into account the dynamic strategies of
the memory-affecting users, the dynamic strategies of the BS
are also affected by the users’ memory as shown in Fig. 5(a).
Unlike that the users’ strategies converge to the equilibrium
with a faster rate as the value of β increases, the increase
in the value of β induces a slower convergence rate for the
dynamic strategies of the BS. This can be explained as follows.
As shown in Figs 3(a) and (c), the convergence rate of the
strategies of the user is not strongly affected by its memory in
the case when the user’s channel gain is high compared with
that when the user’s channel gain is low. As such, the impact of
the users’ memory plays a weaker role in the decision-making

of the BS as the value of β decreases due to the fact that
the RBs’ spectral efficiencies rely more on the strategies of
the users with high channel gains rather than that with low
channel gains. In this case, a faster convergence rate for the
strategies of the BS happens in return.

Besides, we can observe that the downlink power of RB 2 is
larger than that of RB 1. The reason is that due to the highest
channel gain of user 1, the achievable transmission rate of
user 1 at RB 2 can easily achieve a high level, which will
significantly improve the spectral efficiency of RB 2 at the
expense of causing minimum inter-cell interference for the
other BSs. Consequently, the BS allocates more downlink
power to RB 2 in order to obtain a high payoff.

The stability of the solution to the population game, i.e., the
combination of the solutions to the fractional evolutionary
game and the classical evolutionary game, can be numerically
verified by using the direction field of the replicator dynamics.
In Fig. 6, we use the strategy pairs, i.e., x2,3 and x1,1, x1,4

and x2,2, r1 and r2, r2 and x1,1, and r1 and x2,2, to illustrate
the stability of the solution. As shown in Figs. 6(a) and (b),
the users in the fractional evolutionary game will follow these
blue arrows to adapt their strategies to ultimately reach and
stabilize at the solution to the fractional evolutionary game,
which is marked by a red star and pointed at by the arrowhead
of “Solution to the fractional evolutionary game”. Similar
results can also be observed in Figs. 6(c), (d), and (e). These
results shown in Fig. 6 testify the robustness and stability for
the solution to the population game (including the fractional
evolutionary game and the classical evolutionary game).
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Fig. 6. The stability of the solution to the population game.

Fig. 7. (a) The payoff of the BS and (b) the total data consumption of the users against the order of the fractional derivative, i.e., β, and (c) the optimal
data sponsorship level with N = 8 at t = 100.

We also jointly study the impacts of the data sponsorship
and the order of the fractional derivative. An interesting result
can be observed from Fig. 7(a) that the enhancement in the
BS’s payoff due to the data sponsorship when β ≤ 0.9, i.e., the
users are heavily memory-affecting, is significant compared
with that when β > 0.9, i.e., the users are lightly memory-
affecting. The reason can be explained as follows. As heav-
ily memory-affecting entities, the users’ decision-making are
heavily affected by the past service experience, i.e., past
utility. In return, the improved past utility due to the data
sponsorship as shown in Fig. 8(a) will incentivize the heavily
memory-affecting users to adjust their strategies so as to
consume more data. Consequently, this improves the spectral
efficiency and induces a higher payoff for the BS.

In addition, by using the results in Fig. 7(b), we investigate
a data sponsorship pricing problem in the data sponsored 5G
system with the objective to maximize the data consump-
tion of the users at the expense of minimal sponsorship2,
i.e., max

si∈[0,1]
ρe

∑
i∈N ,k∈K

R̄k,i − ρm
∑

i∈N ,k∈K
R̄k,isiφk,i, where

ρe and ρm are positive weighting factors representing the
relative importance of the objective components3. The re-
sults are shown in Fig. 7(c). As the value of β decreases,
the users’ memory plays a more important role in their

2As we consider that the users in the data sponsored 5G system are under the
data sponsorship, the data sponsorship can incentivize the users to consume
more data, which will result in the improvement the utility for the data sponsor.

3The weighting coefficients are ρe = 1 and ρm = 103.
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Fig. 8. (a) The total utility of the users and (b) & (c) the payoff of BS against the data sponsorship level, i.e., s, and the number of users, i.e., N , with
β = 0.9 at t = 100.

decision-making, which implies that the past improved ser-
vice experience can significantly enhance the users’ data
demand. In this case, the data sponsorship can significantly
increase the data consumption for the users and further the
utility for the data sponsor, which indicates that a high
data sponsorship level is the optimal data sponsorship policy.
In contrast, when the users are lightly memory-affecting,
the limited enhancement in the users’ data demand cor-
responding to the data sponsorship cannot compensate for
the loss incurred by the data sponsorship, which induces a
low data sponsorship level as the optimal data sponsorship
policy.

The results for illustrating the impact of the sponsorship
level, i.e., s, and the number of users, i.e., N , on the users’
total utility and the BS’s payoff are shown in Fig. 8. In Fig. 8,
we observe that the data sponsorship can improve both the
users’ total utility and the BS’s payoff. The reason is that the
data sponsorship improves the users’ utility through reducing
the service fee for the users, which will motivate the users
to consume more data. In this case, the spectral efficiency of
the BS increases accordingly due to the larger data demand
from the users, which further enhances the payoff of the BS.
Moreover, the enhancement in the payoff of the BS due to
the data sponsorship is evaluated under different numbers of
the users in the system. As shown in Fig. 8(c), the marginal
enhancement in the payoff of the BS due to the data sponsor-
ship under the heavy load scenario, i.e., N = 10 and N = 9,
is larger than that under the light load scenario, i.e., N = 4
and N = 5. This is due to that the users’ total utility decreases
as the number of users increases with β = 0.9, which is shown
in Fig. 10(a). The data sponsorship, which can stimulate the
users to consume more data, plays a more important role in
improving the spectral efficiency and further the payoff for the
BS in the heavy load scenario compared with that in the light
load scenario.

As the users have myriad options on the contents, apps, and
services on a long-term basis and there exists various policies
for data sponsorship corresponding to specific contents, apps,
and services, we would like to study the fractional evolutionary
game statistically, i.e., the users are under the stochastic data
sponsorship policy. Specifically, we randomly choose the data
sponsorship level si by following the uniform distribution from

Fig. 9. The fluctuation range of the strategy adaptation of the users under
stochastic data sponsorship policy.

the domain of definition of si, i.e., [0, 1]. The data sponsor-
ship level is sampled from [0, 1] every time interval of 0.1.
We repeat the fractional evolutionary game for 100 times and
the results of the fluctuation range of the strategy adaptation
for the users have been summarized in Fig. 9. In Fig. 9,
we observe that the users’ strategy adaptation fluctuates in
different ranges due to the randomicity in the data sponsorship
policy and the memory effect. Moreover, we observe that
the strategy adaptation of the users fluctuates with smaller
variation as the value of β decreases. The reason is similar
to that explained for Fig. 4. In addition, the fluctuation range
of the users’ strategy adaptation varies over a wider interval
as the value of β decreases. The reason is that the past
improved utility corresponding to the data sponsorship will
affect the user’s decision-making through its memory. In this
case, even under the identical stochastic data sponsorship
policy, the users affected by their memory perform to react
differently.

At last, we investigate the impact of the order of the
fractional derivative, i.e., β, and the number of users, i.e., N ,
on the total utility of the users and the spectral efficiency
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Fig. 10. (a) The total utility of the users and (b) the spectral efficiency of
BS against the order of the fractional derivative, i.e., β, and the number of
users, i.e., N , at t = 100.

of the BS. In Fig. 10, we observe that both the total util-
ity of the users and the spectral efficiency of the BS increases
corresponding to the increase in the value of β. This can
be explained from the view of the user’s reaction speed.
As discussed in Fig. 3, the users perform to react slowly as
the value of β decreases. In other words, the users cannot
timely make appropriate decisions due to the increasing impact
of their memory on the decision-making, which results in a
decrease in the total utility for the users. Regarding the impact
of the number of users in the system on the performance of
our proposed game, an interesting result can be observed from
Fig. 10. As shown in Fig. 10, both the users’ total utility
and the BS’s spectral efficiency decrease with respect to the
number of users N when β > 0.8, i.e., the users are lightly
memory-affecting, while they increase first and then decrease
when β ≤ 0.8, i.e., the users are heavily memory-affecting.
For the decrease in the users’ utility and the BS’s spectral
efficiency corresponding to the increase in the number of users,
the reason for that can be explained as follows. By having
more new users into the system, the downlink powers of
the users with high channel gains decrease accordingly, and
the transmission rate of which will be seriously damaged.
Meanwhile, the users with low channel gains cannot achieve a
high transmission rate due to the limited downlink power and
their low channel gain. Then, both the total utility of users
and the spectral efficiency of the BS decrease.

Regarding the increase in both the users’ total utility
and the BS’s spectral efficiency when the users are heavily
memory-affecting, it can be explained from an economic view.
As memory-affecting entities, the users’ decision-making are
heavily affected by their memory when β ≤ 0.8, which
induces a slow reaction speed for the users. In this case,
the total utility of the users and the spectral efficiency of the
BS depend on the number of users rather than the strategies of
the users as long as the downlink power of the BS is sufficient
to support the communication service for the users. As a result,
the total utility of the users and the spectral efficiency of the
BS increase first and then decrease when the users are heavily
memory-affecting, i.e., β ≤ 0.8.

VII. CONCLUSION

In this paper, we have studied a data sponsored 5G system
in the framework of population game. Specifically, we have

formulated the interaction among the memory-affecting ratio-
nal users as a fractional evolutionary game. Therein, the impact
of the users’ memory on their rationality (decision-making) is
captured by using the power-law fading memory (described by
the fractional calculus). We have modeled the communication
service management of the 5G system as a classical evolu-
tionary game. Then, by combing the fractional evolutionary
game for the users and the classical evolutionary game for
the 5G system, we have jointly studied the interplay among
the users and the interaction between the 5G system and the
memory-affecting rational users by formulating a population
game. We have proven there exists a unique and stable solution
to the proposed population game. The stability of the solution
of the population game has been numerically validated as
well. In the numerical studies, the joint impact of the users’
memory and data sponsorship as well as the status of the 5G
system on the users’ behaviors and the system performance has
been investigated. Furthermore, we have also studied a data
sponsorship pricing problem with the objective to maximize
the system performance at the expense of the minimal data
sponsorship. For future work, we will consider to investigate
the impact of the inter-cell interference on the behaviors of the
cell-edge users under the network scenario of the coordinated
multi-point (CoMP) transmission. Moreover, we will study the
long-run optimal sponsorship policy for the data sponsor in a
framework of two-level Stackelberg differential game.

APPENDIX A
PROOF OF THEOREM 1

Proof: First, by taking �β�-order derivative of (26), we can
have

d�β�

dt�β�
X (t)

=
d�β�

dt�β�
[
0I
β
t F (X (t) ,R (t))

]
=

d
dt

[
1

Γ (1 − �β� + β)

∫ t

0

F (X (τ) ,R (τ))

(t− τ)�β�−β
dτ

]
=

1
Γ (1−�β�+β)

d
dt

[∫ t

0

(t−τ)β−�β�F (X (τ) ,R (τ))dτ
]

=
1

Γ (1−�β�+β)
d
dt

[∫ t

0

sβ−�β�F (X (t− s) ,R (t− s))ds
]

=
1

Γ (1 − �β�+β)

{
tβ−�β�F

(
X0,R0

)
+
∫ t

0

sβ−�β� d
dt

[F (X (t− s) ,R (t− s))] ds
}

=
1

Γ (1 − �β� + β)

[
tβ−�β�F

(
X0,R0

)
+
∫ t

0

d
dτF (X (τ) ,R (τ))

(t− τ)�β�−β
dτ

]
=

tβ−�β�

Γ (1 − �β� + β)
F
(
X0,R0

)
+ C

0 D�β�−β
t F (X (t) ,R (t))

(30)

In the fourth row of (30), the method to deduce the derivative
of the variable limit integral has been applied, and the result
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of which can be used to prove that the population game has
an equivalent problem.

As
∥∥∥ tβ−�β�

Γ(1−�β�+β)F
(
X0,R0

)∥∥∥
L1

<∥∥∥ σβ−�β�
Γ(1−�β�+β)F

(
X0,R0

)∥∥∥
L1

when σ ∈ (0, t), the following
inequality can be derived according to the result of (30)∥∥∥∥ d�β�

dt�β�
X (t)

∥∥∥∥
T
<

∥∥∥∥ σβ−�β�

Γ (1 − �β� + β)
F
(
X0,R0

)∥∥∥∥
L1

+
∥∥∥C

0 D�β�−β
t F (X (t) ,R (t))

∥∥∥
T
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)∥∥∥∥
L1

+
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0 D�β�−β
t X (t)

∥∥∥
T

+
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t R (t)

∥∥∥
T

)
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∥∥∥
T

= Kκ

(
N

μβ
+

1
μ
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In the inequality (31), the norms in the second term of the
right-hand side, e.g.,

∥∥∥0I
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, can be further derived
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Similar to (32), we can also have
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NKκ < μβ . At last, we can have

C
0 Dβ

t X (t) = 0I
�β�−β
t

d�β�

dt�β�
X (t)

(30)
= 0I

�β�−β
t

{
tβ−�β�

Γ (1 − �β� + β)
F
(
X0,R0

)
+ 0I

β
t

[
d�β�

dt�β�
F (X (t) ,R (t))

]}
= F (X (t) ,R (t)) , (34)

and hence have the conclusion that the fractional evolutionary
game (25) and the problem defined in (26) are equivalent. The
proof is completed. �

APPENDIX B
PROOF OF THEOREM 2

Proof: Let Ξ be an mapping such that Ξ : C(N+1)K (T ) �→
C(N+1)K (T ), an inequality can be derived in (35), shown
at the bottom of the previous page. According to the re-
sult obtained in (35), a conclusion can be drawn that∥∥∥ΞỸ (·) − ΞŶ (·)

∥∥∥
T

<
∥∥∥Ỹ (·) − Ŷ (·)

∥∥∥
T

if μ can satisfy

Kκ
(
N
μβ + 1

μ

)
< 1. In this case, the mapping Ξ has a

unique fixed point, and hence there is a unique solution to the
population game in the integral form, i.e., (28). This implies
that there is a unique solution to the population game (25).
The proof is completed. �
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