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Joint Optimal Mode Switching and Power
Adaptation for Nonlinear Energy Harvesting

SWIPT System Over Fading Channel
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Abstract— In this paper, the problem of joint mode
switching and power adaptation is studied for simultaneous
wireless information and power transfer (SWIPT) over a fading
channel. The receiver dynamically switches between information
decoding (ID) and energy harvesting (EH) modes while the
transmitter dynamically adapts the transmit power. Considering
the nonlinearity of practical EH circuits, a realistic nonlinear
EH model is adopted rather than the idealistic linear EH model.
To characterize the ultimate performance tradeoff between ID
and EH, an optimization problem is formulated to maximize the
average harvested energy under the constraints on the average
achievable rate and the average transmit power, which is a
nonconvex and combinatorial problem. To solve this problem,
first, the optimal power adaptation scheme for the nonlinear EH
receiver that operates only in the EH mode is proposed. Using this
scheme, the jointly optimal solution for the mode switching and
power adaptation is then derived. By comparing the obtained
results to the existing results, various useful and interesting
insights into the optimized SWIPT system with nonlinear EH
are presented. An important insight into the impact of nonlinear
EH is that, to exploit the high energy conversion efficiency of
the nonlinear circuit, the EH mode has to be selected only in
the moderate range of channel gains. Also, in the EH mode,
the power has to be adapted to the short-term power threshold
only for the moderate channel gains.

Index Terms— Harvested energy maximization, mode switch-
ing, nonlinear energy harvesting, power adaptation, rate-energy
tradeoff, simultaneous wireless information and power transfer.

I. INTRODUCTION

RECENTLY, the combined technique of wireless infor-
mation transfer and wireless power transfer (WPT),

called the simultaneous wireless information and power trans-
fer (SWIPT), has drawn an upsurge of considerable interest
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in both academia and industry [1]–[24]. For the SWIPT,
there are two conflicting goals: maximizing the amount of
information transfer versus maximizing the amount of energy
transfer, which is called the rate-energy (R-E) tradeoff [3], [4].
To fully understand the performance of the SWIPT systems,
characterizing the ultimately achievable R-E tradeoff is an
important and fundamental issue. In the earlier works [1], [2],
the R-E tradeoff of the SWIPT was studied assuming that both
information decoding (ID) and energy harvesting (EH) are car-
ried out at the same time from the same radio frequency (RF)
signal. With the current circuit technology, however, such
assumption is less practical [3], [4]. Considering this issue,
several practical SWIPT schemes such as the power splitting
and time switching were proposed in [3] and [4]. With these
schemes, in the recent works on the SWIPT [3]–[15], the R-E
tradeoff has been extensively studied under various system
setups: in the multi-antenna broadcast system [3], in the point-
to-point system [4]–[7], [9]–[11], in the multi-user interfer-
ence channel [8], [12], in the relaying system [13], and in
the orthogonal frequency division multiple access (OFDMA)
system [14], [15].

In the additive white Gaussian noise (AWGN) channels
without fading, the works [3]–[6] and [12]–[15] studied the
performance tradeoff between the instantaneous rate (or capac-
ity) and the harvested energy during a particular transmission
block of interest. On the other hand, the works [7]–[11]
studied the long-term performance tradeoff between the aver-
age achievable rate and the average harvested energy in the
fading channels. In [7]–[10], the mode switching scheme
was investigated, which exploits the channel variations sep-
arately for EH or ID by switching the mode between EH
and ID at each fading block. On the other hand, in [11],
the dynamic power splitting (DPS) scheme was investigated
to exploit the received RF power variations for both EH and
ID by dynamically adapting the power splitter. Compared to
the DPS, the mode switching has the significant merits of
simple implementation and mechanism while effectively and
opportunistically utilizing the fading fluctuations to carry out
the SWIPT [7]–[10].

In [7]–[9], it was studied that, in order to characterize
the ultimately achievable R-E tradeoff for the SWIPT system
with mode switching, the power adaptation scheme must
be designed jointly with the mode switching scheme. This
is because optimizing the transmit power according to the
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channel quality can significantly increase the performance.
Addressing this issue, in the literature, several joint schemes
for the mode switching and power adaptation were devel-
oped in the point-to-point fading channel [7], the interference
fading channel [8], and the parallel channel [9]. However,
the joint schemes in [7]–[9] were all optimized under the
idealistic scenario where the energy actually harvested by
the EH circuit increases linearly with the energy of the
received RF signal, namely, the linear EH model. The linear
EH model assumed in [7]–[9] can be justified only when
the EH efficiency1 is constant over the whole received RF
power levels. Unfortunately, this assumption does not hold
in practice. In many experimental and analytical studies on
the RF EH techniques [17]–[30], it has been shown that
the EH efficiency of the practical EH circuits varies (not
remains constant) depending on the received RF power level
due to various causes of nonlinearity, e.g., the diodes. In the
realistic scenario, therefore, the EH circuits exhibit nonlinear
behaviors, and thus, the practical issue of nonlinear EH should
be addressed. In the recent literature for the SWIPT [10],
[20]–[24], the impacts of nonlinear EH on the R-E tradeoff
have been investigated in several respects.

In [10], the mode switching was studied in the realistic
scenario of nonlinear EH. It was shown in [10] that the mode
switching policy for the linear EH is no longer optimal for the
nonlinear EH. From this important conclusion, one can expect
that the existing joint mode switching and power adaptation
schemes of [7]–[9] developed for the linear EH might lead to
misleading or wrong conclusion for the practical nonlinear
EH circuits. Although the optimal mode switching scheme
for the nonlinear EH was developed in [10], the scheme
in [10] is suboptimal in the sense of achieving the ultimate
R-E tradeoff performance, because only the mode switching
was optimized for the fixed transmit power; that is, the mode
switching was not optimized jointly with the power adaptation.
To the best of our knowledge, for the SWIPT system with
nonlinear EH, the ultimate R-E tradeoff performance and the
corresponding jointly optimal scheme for the mode switching
and power adaptation still remain unknown in the literature.
This motivated our work.

In this paper, we study the joint mode switching and power
adaptation for the SWIPT system with nonlinear EH over
the fading channel. We adopt a realistic nonlinear EH model
suggested in [28]–[30], which was shown to precisely match
various experimental results reported in the literature [27].
Using this nonlinear model, we formulate the joint optimal
mode switching and power adaptation problem to characterize
the ultimate R-E tradeoff. Specifically, we maximize the
average harvested energy under the average rate constraint and
the long-term/short-term average power constraints, which is a
nonconvex combinatorial problem, and thus, difficult to solve.
The contributions of our work are summarized as follows.

• We propose the optimal power adaptation scheme for the
nonlinear EH receiver (the receiver operating only in the

1In this paper, the EH efficiency is referred to as the RF-to-DC energy con-
version efficiency of the EH circuit at the receiver side. Later in Section III-A,
we will define another type of the RF-to-DC energy conversion efficiency at
the transmitter side, which will be referred to as the WPT efficiency.

EH mode under the nonlinear EH) in the sense of
maximizing the average harvested energy under the long-
term and short-term power constraints.

• Using the optimal power adaptation scheme for the non-
linear EH receiver, we derive the jointly optimal mode
switching and power adaptation solution for the nonlinear
EH. This is a completely new and important result. The
proposed solution includes the existing mode switching
solution in [10] as a special case.

• We extend our analysis to the case only with the long-
term power constraint to investigate the theoretically best
performance (i.e., the largest R-E tradeoff region) for the
joint mode switching and power adaptation.

• Through comparisons of the results derived in this paper
to the existing results in the literature, we provide various
useful and interesting insights into the mode switching
and power adaptation for the nonlinear EH.

This paper is organized as follows. In Section II, the sys-
tem model is described and the problem is formulated.
In Section III, the optimal power adaptation scheme for the
nonlinear EH receiver is presented and is compared to that
for the linear EH receiver. In Section IV, the joint optimal
mode switching and power adaptation scheme for the nonlinear
EH is presented and is compared to that for the linear EH.
In Section V, the joint mode switching and power adaptation
problem is studied for the case only with the long-term power
constraint. In Section VI, the numerical results are presented.
Section VII concludes this paper.

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider a point-to-point SWIPT system composed of
a transmitter and a receiver, each equipped with a single
antenna. The channel between the transmitter and receiver is
assumed to remain constant during one coherent fading block
of duration T , but the channel varies over the blocks indepen-
dently [16]. It is assumed that the channel state information
is known at the transmitter and receiver.2 Also, we assume
the ergodic fading channel: each codeword spans over many
fading blocks; that is, N → ∞, where N denotes the number
of fading blocks. The power adaptation is performed over one
long codeword.

We adopt the mode switching scheme at the receiver such
that the receiver dynamically selects the mode between EH
and ID over the fading blocks. For a particular fading state
ν, we define the binary variable αν to indicate the operation
mode such that

αν =
{

0, if the selected mode is ID

1, if the selected mode is EH.
(1)

Also, let Pν denote the transmit power at the fading state ν.
Then the average achievable rate over the fading blocks is
given by [16]

E [Rν(αν, Pν)] (2)

2Recently, it has been studied in [37] that the transmitter can esti-
mate or track the fading channels based on the harvested power at the
EH receiver, which requires very little additional energy consumption at the
receiver. This channel acquisition scheme is well applicable to our system to
estimate/track the channel at both the transmitter and receiver.
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where E[·] denotes the expectation operation taken over the
fading channel, and

Rν(αν, Pν ) = (1 − αν) log2

(
1 + hν Pν

σ 2

)
. (3)

In (3), hν denotes the channel power gain at the fading state ν.
Also, σ 2 is the noise variance.

In the next subsection, we will discuss the amount of
harvested energy in the EH mode.

A. Linear and Nonlinear Energy Harvesting

In all the previous works on the joint mode switching and
power adaption [7]–[9], the linear EH model was assumed.
In the linear EH model, the amount of average harvested
energy is modeled as

E
[
QL
ν (αν, Pν )

]
(4)

where the instantaneous harvested energy QL
ν (αν, Pν ) is given

by

QL
ν (αν, Pν) = ανζhν PνT . (5)

In (5), 0 < ζ ≤ 1 denotes the EH efficiency. Although the
linear model in (5) is mathematically simple, it is too idealistic
because the EH efficiency ζ is a constant independent of the
received RF power hν Pν . Unfortunately, the linear model is
never realistic in practical systems.

In many of the recent literature [17]–[30], the limitation
of the linear EH model has been extensively studied. In [20]
and [21], it was analyzed that the harvested energy of the
actual EH circuit is nonlinear due to the nonlinearity of the
diode current. Furthermore, in [17]–[19], it was validated
by experimental results that the practical EH circuits exhibit
nonlinear behaviors since the EH efficiency becomes different
(not constant) when the received RF power level changes.
Specifically, the EH efficiency is very small at the low RF
power level (due to the turn-on voltage of the diode), is large in
the middle RF power level (when the diode works in the linear
region), and is again very small at the high RF power level
(due to the reverse breakdown of the diode).3 Unfortunately,
the issue of nonlinearity is ignored in the linear model of (5),
and thus, it cannot accurately model the practical (nonlinear)
EH circuits. Particularly, in (5), since the harvested energy
increases linearly and endlessly, the linear model overestimates
the amount of harvested energy at the low and high power
levels. This may incur significant inaccuracy or mismatch in
practice.

In order to overcome the critical limits of the linear EH
model and to accurately model the nonlinearity of the practical
EH circuits, several realistic nonlinear EH models were studied
in the recent literature [20]–[30].4 Among these nonlinear

3For the practical RF energy harvesters, the EH efficiency is close to zero
at the low and high RF power levels, whereas, at the middle RF power level,
it is close to 0.7 (at the RF frequency of 915 MHz) [17, Fig. 3, Table I].

4There are several differences among the three different nonlinear mod-
els of [20]–[23], [25]–[27], and [28]–[30]. First, the nonlinear model
of [20]–[23] is based on the diode current analysis, whereas the others are
based on the curve fitting or approximation. Second, the nonlinear model
of [28]–[30] explicitly takes into account both the turn-on and saturation
issues, whereas the saturation and turn-on issues are not explicitly considered
in [20]–[23] and in [25]–[27], respectively.

models, the nonlinear model used in [28]–[30] was shown to
accurately and well match the experimental results reported
in the literature. The high accuracy of this model was also
quantitatively evaluated in [27]. Although the other nonlinear
models are useful in many respects and well describe the
nonlinearity of the EH, for those nonlinear models (except for
that of [27]), there is no matching result with the experiments.
For practical validity and accuracy of the analysis, in this
paper, we adopt the realistic nonlinear EH model of [28]–[30].
Note that our analytical approaches can be straightforwardly
extended to the other nonlinear models of [20]–[27]. In the
adopted nonlinear model, the average harvested energy is
modeled based on the logistic (or sigmoid) function, i.e.,
S-shaped curve, as follows [28]–[30]:

E
[
QNL
ν (αν, Pν )

]
(6)

where the instantaneous harvested energy QNL
ν (αν, Pν ) is

given by

QNL
ν (αν, Pν) = αν Ps T [�ν(Pν)−�]

1 −�
. (7)

In (7), � = 1
1+eAB is a constant to ensure the zero-input zero-

output response and

�ν(Pν) = 1

1 + e−A(hν Pν−B)
(8)

is the logistic function, where Ps denotes the maximum har-
vested power level when the nonlinear EH circuit is saturated.5

Also, A and B are positive constants related to the circuit
specification. Given the EH circuit, one can readily determine
the parameters Ps , A, and B based on the curve fitting. Thus,
in what follows, those parameters are assumed to be given.

For more detailed comparisons of the linear EH model
QL
ν (·) of (5) and the nonlinear EH model QNL

ν (·) of (7), see
[29, Fig. 3], [30, Fig. 3]. Also, for detailed matching results
with various experiments and the corresponding accuracies of
the adopted nonlinear model QNL

ν (·), see [27, Figs. 2 and 3,
Table I], [28, Fig. 2].

B. Power Constraints

In this paper, we consider two different types of average
power constraints: the long-term and short-term power con-
straints.

1) Long-Term Power Constraint: This power constraint
means that the average transmit power E[Pν] over the fading
process (i.e., over the duration of a codeword) is constrained
not to be larger than a certain threshold Pavg, as follows:

E [Pν] ≤ Pavg. (9)

The long-term power constraint is very common and widely
used in the literature, particularly to study the ergodic chan-
nel capacity [16], [38]. This constraint was also imposed

5From the circuit design perspective, the saturation effect is resolv-
able or overcome by concatenating two or more energy harvesters
[22, Remark 5, Fig. 9]. However, in applications with strictly limited hardware
size/circuit design complexity such as sensor networks, it might be practically
difficult to implement more energy harvesters. In such application scenarios,
the saturation issue needs to be considered.
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in [7]–[9] to study the power adaptation for the SWIPT
systems over the fading channels, under the assumption of
linear EH.

2) Short-Term Power Constraint: This power constraint
means that the average transmit power Pν over each fading
block is constrained not to be larger than a certain threshold
Pmax, as follows:

Pν ≤ Pmax, ∀ν. (10)

The short-term power constraint is determined by the
total power budget available at each fading block. This
power constraint was imposed to study the R-E tradeoffs
of the SWIPT systems in the non-ergodic block fading
channels [3]–[6], and it was also imposed in the fading chan-
nels along with the long-term power constraint of (9) [7]–[11].

C. Problem Formulation

In this paper, using the realistic nonlinear model QNL
ν (·),

we aim to optimally determine the joint mode switching
and power adaptation for the SWIPT system in the fad-
ing channel. To this end, we define the R-E region as
follows:

C
NL =

⋃
αν∈{0,1},∀ν,

0≤Pν≤Pmax,∀ν,
E[Pν ]≤Pavg

{
(R, Q) : Q ≤ E

[
QNL
ν (αν, Pν )

]
,

R ≤ E [Rν(αν, Pν )]
}
, (11)

which contains all pairs of average harvested energy and
achievable rate. Our objective is to maximize the R-E region
of (11) to characterize the ultimate tradeoff between EH
and ID. To this end, we consider the following optimization
problem6:

(P1) : max
αν∈{0,1},∀ν,

0≤Pν≤Pmax,∀ν
E

[
QNL
ν (αν, Pν)

]
(12a)

s.t. E [Rν(αν, Pν)] ≥ R, (12b)

E [Pν] ≤ Pavg (12c)

where R denotes a threshold for the average achievable rate.
Due to the tradeoff between the average rate and the average
harvested energy, in (P1), the range of R is given by 0 ≤
R ≤ Rmax, where Rmax = E

[
Rν(0, PID,ν)

]
is the maximum

average rate achieved by the ID receiver with αν = 0, ∀ν, and
PID,ν = min

{
max

{
1
λ − σ 2

hν

}
, Pmax

}
is the water-filling power

6To maximize the R-E region of (11), one can also consider
another optimization problem: (P1′) : max

αν∈{0,1},∀ν,
0≤Pν≤Pmax,∀ν

E [Rν (αν, Pν)]

s.t. E
[
QNL
ν (αν, Pν )

] ≥ Q and (12c), where Q is the threshold for
the average harvested energy. This problem is can be solved by extending
the analytical approaches to solve (P1) presented in this paper. Specifically,
following the similar approaches in Appendix C, it can be shown that the
time-sharing condition holds in (P1’). Also, let λ̃NL and μ̃NL denote the dual
variables associated with the long-term power constraint and the average
harvested energy constraint of (P1’), respectively. Then the solution to (P1’)
can be obtained from the results in Theorems 1 and 2 by replacing the terms
λNL, (λNL/μNL), Q̃NL

ν (·), and R̃NLν (·) by (λ̃NL/μ̃NL), λ̃NL , μ̃NL Q̂NL
ν (·), and

R̂NLν (·), respectively, where R̂NLν (αν, Pν) = max{Rν(αν, Pν) − λ̃NLPν , 0}
and Q̂NL

ν (αν, Pν) = max{QNL
ν (αν, Pν)− (λ̃NL/μ̃NL)Pν , 0}.

allocation [16, Ch. 5.3.3]. The constant λ > 0 is determined
such that E

[
PID,ν

] = Pavg. Also, it can be shown that in (P1),
when 0 ≤ R ≤ Rmax, the average rate constraint of (12b)
is always satisfied with equality (the detailed proof is given
in Appendix D). Therefore, by solving (P1) for all possible
values of R ∈ [0, Rmax], the largest R-E region, i.e., the
optimal R-E tradeoff, can be achieved. Throughout the paper,
we investigate the problem (P1) under the assumption that
Pmax > Pavg to avoid any trivial solution on power adaptation.
Later in Section V, relaxing the short-term power constraint,
we study (P1) only with the long-term power constraint to
investigate the theoretically largest R-E tradeoff region.

Since each αν is discrete and binary, (P1) is a nonconvex
combinatorial problem. Furthermore, even for fixed αν , ∀ν,
the problem (P1) still remains nonconvex in Pν , ∀ν, because
QNL
ν (·) (or �ν(·) in (8)) is neither convex nor concave.

Moreover, the objective and constraint functions of (P1) are the
expectations over the random fading channel, whose closed-
form expressions are difficult to obtain. For the reasons above,
in general, it is challenging to solve (P1). One might try to
exhaustively search the solution; but, this approach appears to
be practically prohibitive due to an extremely high computa-
tional complexity that grows exponentially with the (large)
number of fading blocks. In [7, eqs. (42), (43)], the joint
optimal solution for mode switching and power adaptation was
found for the linear EH model QL

ν (·). However, the solution is
no longer optimal for the nonlinear EH model QNL

ν (·), because
the linear and nonlinear EH models are mathematically and
practically different.

In order to address the difficulties above and to solve
the problem (P1), in the next section, we will first tackle
the optimal power adaptation problem for the nonlinear EH
receiver, i.e., the receiver operating only in the EH mode with
nonlinear EH. In fact, this problem is a special case of (P1)
with αν = 1, ∀ν; but, its solution can be used to solve (P1).
Also, the solution can be directly used for the nonlinear
EH-based WPT system over the fading channel to optimally
adapt the transmit power to maximize the amount of harvested
energy. Using the obtained power adaptation solution for the
nonlinear EH receiver, we will derive the optimal solution to
(P1) later in Section IV.

Remark 1: In [10], the mode switching problem for the
nonlinear EH model QNL

ν (·) was studied under the assumption
of fixed power allocation, i.e., Pν = Pavg, ∀ν. That is, in [10],
the problem of joint mode switching and power adaptation was
not considered at all. Thus, the problem addressed in [10] can
be considered as a special case of our joint mode switching
and power adaptation problem of (P1). It turns out that in
both the mode switching problem in [10] and the joint mode
switching and power adaptation problem (P1), the so-called
time-sharing condition [35, Definition 1] is satisfied, and thus,
the Lagrange duality method can be used to obtain the optimal
solution. However, the Lagrange dual function of (P1) is
nonconvex in {αν, Pν}, whereas that of the problem in [10] was
linear in {αν}. Thus, even when the time-sharing property is
exploited, (P1) is more challenging to solve than the problem
in [10] and the extension of [10] to the case of joint mode
switching and power adaptation is never straightforward. �
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III. OPTIMAL POWER ADAPTATION FOR

NONLINEAR EH RECEIVER

In this section, we first present the optimal power adaptation
scheme for the nonlinear EH receiver. Then we compare the
power adaptation schemes for the linear and nonlinear EH
receivers to obtain insights.

A. Optimal Power Adaptation for Nonlinear EH Receiver

As a special case of (P1), the optimal power adaptation
problem for the nonlinear EH receiver can be formulated by
setting αν = 1, ∀ν, as follows:

(P2) : max
0≤Pν≤Pmax,∀ν

E
[
QNL
ν (1, Pν)

]
(13a)

s.t. E [Pν] ≤ Pavg. (13b)

The above problem (P2) is still nonconvex because the objec-
tive function is nonconvex.7 The main difficulty in solving (P2)
is that the objective function involves the sum of logistic
functions {�ν(·)} (over a number of fading blocks), which
turns out to be NP-hard [32], [33]. In the literature, there are
several approaches to solve the problem involving the sum of
logistic functions: using the sum-of-ratios property [28]–[29],
the branch-and-bound method [32], [33], and the gradient-
ascent method [34]. However, all of these approaches require
high complexity because additional slack variables, feasible
lower and upper bounds, or gradients need to be numerically
computed at each fading block. Furthermore, such numerical
approaches do not provide any insight. In order to resolve these
issues and to obtain the optimal solution to (P2) efficiently,
we take a different approach by exploiting the time-sharing
condition proposed in [35]. To this end, in the following,
we first define the time-sharing condition.

Definition 1 [35, Definition 1]: Let {αx,ν, Px,ν} and
{αy,ν, Py,ν} denote the optimal solutions to the prob-
lem (P1) when (R, Pavg) = (Rx , P x ) and (R, Pavg) =
(Ry, P y), respectively. It is said that (P1) satisfies the
time-sharing condition (or time-sharing property) if there
always exists a feasible solution {αz,ν , Pz,ν} such that
E[Rν(αz,ν , Pz,ν)] ≥ θ Rx + (1 − θ)Ry , E[Pz,ν] ≤ θ Px + (1 −
θ)P y , and E[QNL(αz,ν , Pz,ν)] ≥ θE[QNL(αx,ν, Px,ν)] + (1 −
θ)E[QNL(αy,ν, Py,ν)] for any θ ∈ [0, 1]. Because the problem
(P2) is a special case of (P1), it is said that (P2) satisfies the
time-sharing condition if the time-sharing property holds for
(P1) when αν = 1, ∀ν. �

We now establish the time-sharing property of (P2).
Lemma 1: In the problem (P2), the time-sharing condition

holds.
Proof: See Appendix A.

The time-sharing condition implies that the optimal objec-
tive value of (P2) is a concave function of the long-term
power threshold Pavg, not the transmit power {Pν} to be
optimized. As shown in [35, Th. 1], a useful fact is that if
an optimization problem satisfies the time-sharing condition,

7Note that, for the case of linear EH receiver (i.e., when QNL
ν (·) in (13a) is

replaced by QL
ν (·)), (P2) becomes a simple linear problem, as studied in [7].

However, for the case of nonlinear EH receiver, (P2) is nonconvex, and thus,
the power adaptation problem is much more challenging to solve than the
case of linear EH receiver.

then the strong duality always holds, and thus, the duality gap
is always zero regardless of the convexity (or concavity) of
the problem. Thus, the result of Lemma 1 essentially means
that one can use the Lagrange duality method to optimally
solve (P2). However, even when the Lagrange duality method
is used, it is still difficult to obtain the optimal solution to (P2),
because QNL

ν (·) is neither convex nor concave in Pν , and
consequently, the Lagrange dual function is nonconvex in {Pν}.
To circumvent this difficulty, we take the following approach:
first, the possible values of the channel power gain hν are
classified into the five mutually exclusive cases based on the
optimality conditions, and then, the solution for each case
is presented in closed form (up to the Lagrange multiplier).
Taking this approach, we have the following result.

Theorem 1: The optimal solution to the problem (P2) is
given by (14) (shown at the top of the next page), where the
Cases 1–5 are defined as

λNLG(hν) ≥ 1

4
for Case 1

max {F(hν ), F(0)} < λNLG(hν) <
1

4
for Case 2

F(0) ≤ λNLG(hν) ≤ F(hν) for Case 3

F(hν) < λNLG(hν) < F(0) for Case 4

λNLG(hν) < min {F(hν), F(0)} for Case 5. (15)

In (15), F(x) = e−A(x Pmax−B)

(1+e−A(x Pmax−B))2 and G(x) = 1−�
Ps T Ax . Also,

Popt
ν is given by

Popt
ν = �−1

ν

(
1

2
+

√
1

4
− λNLG(hν)

)
(16)

where �−1
ν (x) = 1

hν

(− 1
A ln

( 1
x − 1

) + B
)
. The constant

λNL > 0 is determined such that E[PNL
EH,ν] = Pavg.

Proof: See Appendix B.
From Theorem 1, the optimal solution to (P2) can be

computed efficiently. Specifically, at each fading state ν,
the optimal power PNL

EH,ν can be computed efficiently according
to (14) by simply checking which case the channel power
gain hν falls into. In the proposed power adaptation scheme,
a single positive scalar λNL needs to be numerically computed
only once. Because E[PNL

EH,ν] is monotonically decreasing in
λNL,8 the value of λNL can be computed efficiently by the
subgradient method [35], [36]. In the subgradient method,
the value of λNL is updated as follows [35]:

λ(i+1) = max
{
λ(i) − s(i)

(
Pavg − E

[
PNL,(i)

EH,ν

])
, 0

}
(17)

where i denotes the iteration number; λ(i) the dual variable in
the i th iteration; s(i) > 0 the step size in the i th iteration;
(Pavg − E[PNL,(i)

EH,ν ]) the subgradient at λ(i); and E[PNL,(i)
EH,ν ]

the long-term power in the i th iteration calculated using the
results in Theorem 1 with λNL replaced by λ(i). Overall,

8This is intuitively because the dual variable λNL represents the price for
the long-term power constraint of (13b) [35]. Specifically, in (P2), the larger
λNL is, the larger (Pavg − E[PNLEH,ν ]) is, and thus, the smaller E[PNLEH,ν ] is,
which means that E[PNLEH,ν ] is decreasing in λNL. Also, from the results in
Theorem 1, it can be shown that PNLEH,ν is decreasing in λNL for ∀ν, and
consequently, E[PNLEH,ν ] is decreasing in λNL.
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PNL
EH,ν =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, for Case 1{
Popt
ν , if hν > B

Pmax
and QNL

ν (1, Popt
ν ) > λNLPopt

ν

0, otherwise
, for Case 2{

Pmax, if QNL
ν (1, Pmax) > λ

NLPmax

0, otherwise
, for Case 3

Popt
ν , for Case 4

Pmax, for Case 5

for ∀ν. (14)

the computational complexity of the proposed solution to (P2)
in Theorem 1 is linear in the number N of the fading blocks,
i.e., O(N). On the other hand, in the existing numerical
methods of [28]–[34], the dual variables need to be com-
puted over the fading blocks with a nested loop, of which
complexity would grow exponentially in the number N of
fading blocks [35], i.e., O(δN ) for some δ > 1. Note that
the linear complexity O(N) of our proposed solution is much
lower than the exponential complexity O(δN ) required by the
existing approaches.9

From Theorem 1, it turns out that the optimal power adap-
tation for the nonlinear EH receiver depends on the following
four parameters: λNLG(hν), 1

4 , F(hν) (< 1
4 ), and F(0) (< 1

4 ).
Thus, according to the conditions of those parameters, there
are five possible regions for power adaptation (as illustrated
in Fig. 1(b)). More intuitively, due to the time-sharing property
of (P2), the optimal power adaptation at each fading state can
be performed separately by solving max

0≤Pν≤Pmax
Lν(Pν) for ∀ν,

where Lν(Pν) = QNL
ν (1, Pν) − λNLPν (the detailed proof is

given in Appendix B). Since Lν(Pν) is a S-shaped function
over the range Pν ∈ (−∞,∞), the solution PNL

EH,ν maximizing
Lν(Pν) in the range Pν ∈ [0, Pmax] can take the five different
forms as in (14). For these reasons, the channel gain hν can
be classified into the different five cases, i.e., the Cases 1–5,
as in (15).

We now provide intuitions on the results in Theorem 1.
For exposition, we define the (end-to-end) RF-to-DC energy
conversion efficiency of the nonlinear EH circuit at the trans-
mitter side as follows: ξNLν (Pν) = ∂QNL

ν (1,Pν)
∂Pν

. In the following,
the term ξNLν (Pν) is referred to as the WPT efficiency. From
(7) and (16), it can be shown that ξNLν (Pmax) = F(hν)

G(hν)
and

ξNLν (Popt
ν ) = λNL. Therefore, after dividing both sides of (15)

by G(hν), it turns out that the Cases 1–5 in (15) are related
to the conditions of the WPT efficiencies at Pν = Pmax

ν

and Pν = Popt
ν , i.e., ξNLν (Pmax) = F(hν)

G(hν)
and ξNLν (Popt

ν ) =
λNL, respectively. Specifically, in the Cases 3 and 5 (or the
Cases 1, 2, and 4), the WPT efficiency at Pν = Pmax

ν

(or at Pν = Popt
ν ) is higher than the WPT efficiency at

Pν = Popt
ν (or at Pν = Pmax

ν ), i.e., ξNLν (Pmax) > ξNLν (Popt
ν )

9In Section II, we assumed that N → ∞ to establish the time-sharing
property. However, in practice, the value of N is sufficiently large, but
finite [35]. The practical range of N (enough to justify the ergodicity) is in
the order of 103 or more, i.e., N ≥ O(103) [16]. In this practical range of N ,
therefore, the complexity O(N) of the proposed solution is finite. Note that
since N is large in practice, the reduction from the exponential complexity
O(δN ) to the linear complexity O(N) is significant.

(or ξNLν (Pmax) < ξNLν (Popt
ν )). From this, we can intuitively

explain the power adaptation result in (14) as follows. In the
Cases 3 and 5 (or the Cases 2 and 4), the power can be adapted
to PNL

EH,ν = Pmax (or PNL
EH,ν = Popt

ν ) due to its high WPT
efficiency. On the other hand, in the Case 1 that contains the
smallest range of channel gains hν ≤ G

( 1
4λNL

)
, no power

should be assigned to save the power consumption.
In the next subsection, to obtain insights into the proposed

scheme, we clarify the difference between the power adapta-
tion schemes of the linear and nonlinear EH receivers.

B. Comparison Between Linear EH and Nonlinear EH

For comparison, we first present the existing result for the
linear EH receiver. In [7, eq. (26)], it was shown that for linear
EH receiver, the optimal power adaptation scheme is given by

PL
EH,ν =

{
Pmax, if hν > xLEH,1

0, otherwise
(18)

for ∀ν. In (18), xLEH,1 = λL

ζ is a positive real root of the
equation Q L(x) = λLPmax, where Q L(x) = ζLx Pmax, and the
constant λL > 0 is chosen such that E[PL

EH,ν] = Pavg.
In Fig. 1, the power adaptation schemes for the linear and

nonlinear EH receivers are illustrated. In Fig. 1(a), we ana-
lytically plot the curves of Q L(x) and λLPmax for the linear
EH receiver over all possible values of the channel power
gain hν ∈ [0,∞). In Fig. 1(b), we analytically plot the
curves of F(x) and λNLG(x) for the nonlinear EH receiver
to characterize the Cases 1–5 in (15). For ease of exposition,
we focus on a particular fading state, and thus, we drop the
index ν from the relevant expressions for simplicity. Note that
Q L(h) is a linear function of the channel gain h, whereas
λLPmax is a constant independent of h. Also, λNLG(h) is
an inversely proportional function of h, whereas F(h) is a
Gaussian-shaped function (but not exactly symmetric); that
is, F(h) first increases, and then, decreases as h increases.
The function F(hν) has its peak value of 1

4 at the (inflection)
point of h = B

Pmax
. In Fig. 1(b), the positive real roots of

the equations λNLG(x) = 1
4 , F(x) = λNLG(x), and F(0) =

λNLG(x) are denoted by xNLEH,1, (xNLEH,2, xNLEH,4), and xNLEH,3,
respectively.

From Fig. 1 and the results of (14)–(16) and (18), we can
obtain the following insights:

• The optimal power adaptation schemes for the linear
and nonlinear EH receivers are different. Specifically, for
the linear EH receiver, the optimal power PL

EH,ν takes
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Fig. 1. Comparison of power adaptation schemes for the linear and nonlinear EH receivers.

two binary values between 0 and Pmax, i.e., PL
EH,ν ∈

{0, Pmax}, and thus, there are two different regions for
the optimal power adaptation. On the other hand, for
the nonlinear EH receiver, the optimal power PNL

EH,ν is
continuous in the range [0, Pmax], i.e., PNL

EH,ν ∈ [0, Pmax],
since Popt ∈ (0, Pmax), and there are five (more than two)
different regions for the optimal power adaptation.

• The optimal power adaptation strategies for the linear and
nonlinear EH receivers are different. For example, for
the linear EH receiver, adapting the power to the short-
term power threshold, i.e., PL

EH,ν = Pmax, is optimal in
the large range of the channel gain, e.g., h > xLEH,1
in Fig. 1(a). On the other hand, for the nonlinear EH
receiver, adapting power to the short-term power thresh-
old PNL

EH,ν = Pmax is optimal only in the moderate range
of the channel gain, e.g., xNLEH,2 < h < xNLEH,4 in Fig. 1(b),
in order to exploit the high EH efficiency of the nonlinear
circuit.

IV. JOINT OPTIMAL MODE SWITCHING AND POWER

ADAPTATION FOR NONLINEAR EH

In this section, using the solution to (P2) derived in the
previous section, we first solve the joint mode switching
and power adaptation problem of (P1). Then we compare
the mode switching results for the linear EH and nonlinear
EH.

A. Optimal Solution to (P1)

In order to solve (P1), in the following, we first establish
the time-sharing property of (P1).

Lemma 2: In the problem (P1), the time-sharing condition
holds.

Proof: See Appendix C.
From the results of Lemma 2 and Theorem 1, we can

now derive the jointly optimal mode switching and power
adaptation solution for the nonlinear EH, which is presented
in the following.

Theorem 2: The optimal solution to the problem (P1) is
given by

(αNLν , PNL
ν ) =

⎧⎪⎨
⎪⎩
(1, PNL

EH,ν), if Q̃NL
ν (1, PNL

EH,ν)

> μNL R̃NL
ν (0, PNL

ID,ν)

(0, PNL
ID,ν), otherwise

(19)

for ∀ν, where PNL
EH,ν is given by (14) and PNL

ID,ν is given by

PNL
ID,ν = min

{
max

{
μNL

λNL
− σ 2

hν
, 0

}
, Pmax

}
. (20)

Also, Q̃NL
ν (·) and R̃NL

ν (·) are, respectively, given by

Q̃NL
ν (αν, Pν) = max

{
QNL
ν (αν, Pν)− λNLPν, 0

}
, (21)

R̃NL
ν (αν, Pν) = max

{
Rν(αν, Pν)− λNL

μNL
Pν, 0

}
. (22)

The constants λNL > 0 and μNL > 0 are determined such that
E[PNL

ν ] = Pavg and E
[
Rν(αNLν , PNL

ν )
] = R.

Proof: See Appendix D.
The result of Theorem 2 can be interpreted as follows.

At each fading state, the mode is selected by simply
comparing the values of Q̃NL

ν (1, PNL
EH,ν) and R̃NL

ν (0, PNL
ID,ν). If

the former is larger than the latter, the EH mode is selected;
otherwise, the ID mode is selected. Also, the transmit power
is adapted according to the selected mode: if the selected
mode is EH (or ID), the power is set to PNL

EH,ν (or PNL
ID,ν) to

maximize the value of Q̃NL
ν (·) (or R̃NL

ν (·)). From Theorem 2,
therefore, the jointly optimal solution to (P1) can be computed
efficiently: only the positive scalars λNL and μNL need to be
computed numerically via the subgradient method [35], [36].
In the subgradient method, the values of λNL and μNL are
updated as follows [35]:

λ(i+1) = max
{
λ(i) − s(i)

(
Pavg − E

[
PNL,(i)
ν

])
, 0

}
, (23)

μ(i+1) = max
{
μ(i) − s(i)

(
E
[
R(αNL,(i)ν , PNL,(i)

ν )
] − R

)
, 0

}
(24)

where λ(i) and μ(i) are the dual variables in the i th iteration;
(Pavg − E[PNL,(i)

ν ]) and (E[R(αNL,(i)ν , PNL,(i)
ν )] − R) the

subgradient at λ(i) and the subgradient at μ(i), respectively;
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Fig. 2. Comparison of various mode switching schemes for the linear EH and nonlinear EH.

and E[PNL,(i)
ν ] and R(αNL,(i)ν , PNL,(i)

ν ) the long-term power
and the average rate in the i th iteration, respectively,
calculated using the results in Theorem 2 with λNL and
μNL replaced by λ(i) and μ(i). Overall, the computational
complexity of the proposed solution to (P1) in Theorem 2
is linear in the number N of the fading blocks, i.e., O(N),
which is significantly lower than the exponential complexity
O(δN ) required by the exhaustive search, where δ > 2.

In the following, we present the result of Theorem 2 for
a special case of fixed power allocation with Pν = Pavg, ∀ν,
i.e., the case of mode switching only.

Corollary 1: The optimal solution to the problem (P1) with
the fixed power allocation (i.e., Pν = Pavg, ∀ν) is given by

αNL
′

ν =
{

1, if xNL
′

1 < hν < xNL
′

2

0, otherwise
(25)

for ∀ν. In (25), xNL
′

1 and xNL
′

2 (> xNL
′

1 ) are the two positive
real roots of the equation qNL(x) = μNLr(x), where qNL(x) =
Ps(1−e−Ax Pavg )

1+e−A(x Pavg−B) and r(x) = log2

(
1 + x Pavg

σ 2

)
. The constant

μNL > 0 is determined such that E[Rν(αNL
′

ν , Pavg)] = R.
Proof: When Pν = Pavg, ∀ν, from Theorem 2, we have

αNL
′

ν = 1 if qNL(hν) > μNLr(hν) and αNL
′

ν = 0 otherwise.
It can be shown that the equation qNL(x) = μNLr(x) has two
real roots xNL

′
1 and xNL

′
2 and qNL(x) = μNLr(x) over x ∈

(xNL
′

1 , xNL
′

2 ). Thus, the result follows.
Note that the result of Corollary 1 is essentially the same

as [10, Lemma 2]. Thus, the optimal mode switching solution
derived in [10] can be considered as a special case of our
jointly optimal mode switching and power adaptation solution
in Theorem 2.

In the next subsection, in order to obtain useful insights, the
mode switching results for the linear EH and nonlinear EH are
compared.

B. Comparisons Between Linear EH and Nonlinear EH

For comparison, we first present the existing results for the
linear EH. In [7, eqs. (42) and (43)], it was shown that the
jointly optimal mode switching and power adaptation scheme
for the linear EH is given by

(αLν , PL
ν ) =

{
(1, PL

EH,ν), if Q̃L
ν (1, PL

EH,ν) > μL R̃L
ν (0, PL

ID,ν)

(0, PL
ID,ν), otherwise

(26)

for ∀ν, where PL
EH,ν is given by (18). Also, PL

ID,ν , Q̃L
ν (·), and

R̃L
ν (·) are given by (20), (21), and (22), respectively, where

the terms λNL > 0, μNL > 0, and QNL
ν (·) are replaced by

λL > 0, μL > 0, and QL
ν (·), respectively. The constants

λL > 0 and μL > 0 are chosen such that E[PL
ν ] = Pavg

and E[Rν(αLν , PL
ν )] = R. Furthermore, with the fixed power

allocation (i.e., Pν = Pavg, ∀ν), the optimal mode switching
scheme for the linear EH was shown as [7, eq. (34)]

αL
′
ν =

{
1, if hν > xL

′
1

0, otherwise
(27)

for ∀ν. In (27), xL
′

1 is a positive real root of the equation
qL(x) = μLr(x), where qL(x) = ζ x Pavg and r(x) =
log2

(
1 + x Pavg

σ 2

)
. The constant μNL > 0 is chosen such that

E[Rν(αL
′
ν , Pavg)] = R.

In Fig. 2, we illustrate the various mode switching schemes
for the linear EH and nonlinear EH. For ease of exposition,
we drop the index ν from the relevant expressions. For the
mode switching with the fixed power allocation, we ana-
lytically plot the curves of q(x) and μr(x) in Fig. 2(a)
when  = L and in Fig. 2(b) when  = NL. For the joint
mode switching and power adaptation, we analytically plot the
curves of q̃(x) and μr̃(x) in Fig. 2(c) when  = L and
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in Fig. 2(d) when  = NL. In Figs. 2(c) and 2(d), the positive
real roots of the equations q̃(x) = μr̃(x),  ∈ {L,NL},
are denoted by xj , j ∈ {1, 2, 3}. There exist three (or two)

different xj ’s for the large (or small) λ

μ
when  = L and

for the small (or large) λ

μ
when  = NL.

From Figs. 2(a) and 2(b), it can be observed that even
for case of the fixed power allocation, the mode switching
schemes for the linear EH and nonlinear EH are different,
as studied in [10]. From Fig. 2 and the results of (19)–(22) and
(25)–(27), we gain further insights, which were not provided
in [10], as follows:

• From Figs. 2(b) and 2(d), it can be observed that even
for the case of nonlinear EH, the joint mode switching
and power adaptation scheme is different from the mode
switching scheme with the fixed power allocation. Specif-
ically, in the mode switching with the fixed power allo-
cation, the optimal mode is selected from two different
modes: the EH and ID modes, and there are three different
regions for mode switching. On the other hand, in the
joint mode switching and power adaptation, the optimal
mode is selected from three different modes: the off, EH,
and ID modes, and there are up to four different regions
for mode switching.

• From Figs. 2(c) and 2(d), it can be observed that for
both the linear EH and nonlinear EH, in the joint mode
switching and power adaptation, there are three or four
different regions for mode switching. Also, when the
channel gain is very small, the optimal mode is the
off mode to save the power. However, in the on mode,
i.e., either in the EH mode or the ID mode, the joint mode
switching and power adaptation schemes for the linear
EH and nonlinear EH become different. Particularly,
the mode switching regions for the nonlinear EH are
exactly opposite to those for the linear EH. Also, for
the case of linear EH, the EH mode is selected for the
large and small channel gains; whereas, for the case of
nonlinear EH, the EH mode is selected for the moderate
channel gains in order to exploit the high EH efficiency
of the nonlinear circuit.

V. JOINT OPTIMAL MODE SWITCHING AND POWER

ADAPTATION FOR NONLINEAR EH ONLY WITH

LONG-TERM POWER CONSTRAINT

In the previous sections, we studied the joint mode switch-
ing and power adaptation for the nonlinear EH under both
the long-term and short-term power constraints. Considering
the short-term power constraint is often meaningful, because
in the practical systems, the short-term power constraint is
usually imposed by the regulation bodies such as the FCC [31].
However, considering the setting with no short-term power
constraint is also important, because the theoretically best
performance of a system in the fading channel can be achieved
when the short-term power constraint is relaxed and only
the long-term power constraint is imposed.10 In particular,

10For example, only with the long-term power constraint, the ergodic
capacity is obtained as the largest data rate for reliable communication over
ergodic fading channels [16], [38].

the theoretically largest R-E region of the joint mode switching
and power adaptation can be obtained when only the long-term
power constraint is imposed. To the best of our knowledge,
in the literature including [7]–[9], the performance issue of
the joint mode switching and power adaptation has not been
addressed only with the long-term power constraint. Motivated
by this, in this section, we study the joint mode switching
and power adaptation problem of (P1) by relaxing the short-
term power constraint and considering the long-term power
constraint only. From the analysis, we provide practically
important and useful insights. Even in the practical case with
the short-term power constraint, our analysis still provides us
with the useful insight.

A. Optimal Power Adaptation for EH Receiver

In order to derive the solution to (P1), we first present the
solution to (P2) only with the long-term power constraint.

Lemma 3: The optimal solution to the problem (P2) only
with the long-term power constraint is given by

PNL′
EH,ν =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0, for Case 1′⎧⎪⎨
⎪⎩

Popt
ν , if QNL

ν (1, Popt
ν )

> λNLPopt
ν

0, otherwise

, for Case 2′

Popt
ν , for Case 3′

(28)

for ∀ν, where the Cases 1′, 2′, and 3′ are defined as

hν ≤ xNL
′

EH,1 for Case 1′

xNL
′

EH,1 < hν < xNL
′

EH,2 for Case 2′

hν ≥ xNL
′

EH,2 for Case 3′. (29)

In (28), Popt
ν is given by (16). Also, in (29), xNL

′
EH,1 = 4λ(1−�)

Ps T A

and xNL
′

EH,2 = λ
Ps T A� (> xNL

′
EH,1) denote the positive real

roots of the equations λNLG(x) = 1
4 and λNLG(x) = F(0),

respectively. The constant λNL > 0 is determined such that
E[PNL′

EH,ν] = Pavg.
Proof: To eliminate the short-term power constraint in

(P2), we take Pmax → ∞. In this case, it follows that B
Pmax

→
0 and F(hν) → 0, ∀ν. Thus, the Cases 3 and 5 disappear from
(15). Also, we have λNLG(hν) ≥ 1

4 for the Case 1, F(0) <
λNLG(hν) < 1

4 for the Case 2, and λNLG(hν) ≤ F(0) for
the Case 4, which are equivalent to the Cases 1′, 2′, and 3′,
respectively, in (29). Thus, we have the result of (28).

For comparison, in the following, we also derive the optimal
power adaptation scheme for the linear EH receiver only with
the long-term power constraint.

Lemma 4: When the linear EH model is used (i.e., QNL
ν (·)

is replaced by QL
ν (·)), the optimal solution to the problem (P2)

only with the long-term power constraint is given by

PL′
EH,ν

{→ ∞, if ν = arg max
ν ′ hν ′

= 0, otherwise
(30)

for ∀ν.
Proof: Let hk and Pk denote the channel power

gain and the transmit power at the kth block, where
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Fig. 3. Comparison of power adaptation schemes for the linear and nonlinear
EH receivers only with the long-term power constraint.

k = 1, · · · , N . Then it follows that 1
N

∑N
k=1 ζhk Pk →

E[QL
ν (1, Pν)] and 1

N

∑N
k=1 Pk → E[Pν ] as N → ∞.

Thus, from the average power constraint 1
N

∑N
k=1 Pk ≤ Pavg,

we have 1
N

∑N
k=1 ζhk Pk ≤ ζ

( 1
N

∑N
k=1 Pk

)(
max

k=1,··· ,Nhk

)
≤

ζ Pavg

(
max

k=1,··· ,Nhk

)
, where the last inequality is achieved when

Pk = N Pavg if k = arg max
k′=1,··· ,N

hk′ and Pk = 0 otherwise. As

N → ∞, thus, we have the result of (30).
The results of Lemmas 3 and 4 can be explained as follows.

First, from Lemma 4, one can see that, for the linear EH
receiver only with the long-term power constraint (i.e., with
no short-term power constraint), the optimal power adaptation
scheme is to assign the infinite power PL′

EH → ∞ to the fading
block with the largest channel gain, i.e., arg max

ν
hν . On the

contrary, from Lemma 3, one can see that, for the nonlinear
EH receiver only with the long-term power constraint, the
optimal power PNL′

EH ∈ {Popt
ν , 0} is finite, i.e., PNL′

EH < ∞, since
λNLG(hν) < 1

4 in the Cases 2’ and 3’, and thus, Popt
ν has a

finite value, i.e., Popt
ν < ∞. Thus, when the short-term power

constraint is relaxed and only the long-term power constraint
is imposed, the optimal power adaptation scheme for the linear
EH receiver is not practically realizable, whereas that for the
nonlinear EH receiver is practically realizable.

In Fig. 3(a) and 3(b), we illustrate the power adaptation
results for the linear and nonlinear EH receivers, respec-
tively, only with the long-term power constraint. In Fig. 3(a),
we illustrate the Dirac delta function, where the upward arrow
represents the infinite transmit power at the largest channel
gain denoted by xL

′
EH,1.

B. Jointly Optimal Mode Switching and Power Adaptation

In the following, using the result of Lemma 3, we derive the
jointly optimal mode switching and power adaptation scheme
for the nonlinear EH only with the long-term power constraint.

Lemma 5: The optimal solution to (P1) only with the long-
term power constraint is given by

(αNLν , PNL′
ν ) =

⎧⎪⎨
⎪⎩
(1, PNL′

EH,ν), if Q̃NL
ν (1, PNL′

EH,ν)

> μNL R̃NL
ν (0, PNL′

ID,ν)

(0, PNL′
ID,ν), otherwise

(31)

for ∀ν, where PNL′
EH,ν is given by (28) and PNL

ID,ν is given by

PNL′
ID,ν = max

{
μNL

λNL
− σ 2

hν
, 0

}
. (32)

Also, Q̃NL
ν (·) and R̃NL

ν (·) are given by (21) and (22), respec-
tively. The constants λNL > 0 and μNL > 0 are determined
such that E[PNL′

ν ] = Pavg and E[Rν(αNLν , PNL′
ν )] = R.

Proof: It follows that PNL
EH,ν → PNL′

EH,ν and PNL
ID,ν → PNL′

ID,ν
as Pmax → ∞. Thus, the result follows from (19)–(22) with
PNL

EH,ν and PNL
ID,ν replaced by PNL′

EH,ν and PNL′
ID,ν , respectively.

The result of Lemma 5 can be explained similarly to the
result of Theorem 2. Unfortunately, for the case of linear EH
only with the long-term power constraint, it is impossible
to derive the jointly optimal mode switching and power
adaptation scheme since the infinite power should be assigned
in the EH mode as shown in Lemma 4, and thus, the achieved
rate is always zero, which makes the problem infeasible when
the average rate threshold is nonzero, i.e., R > 0. Thus, when
the short-term power constraint is relaxed, the jointly optimal
mode switching and power adaptation scheme for the linear
EH is not practically realizable, whereas that for the nonlinear
EH is practically realizable.

Overall, from our analysis only with the long-term power
constraint, we obtain the practically important and useful
insights/conclusions, which have not been provided in the
literature, as follows:

• For the case of mode switching and power adapta-
tion with nonlinear EH, the short-term power can be
relaxed in practical systems to further improve the per-
formance or achieve the theoretical performance limit in
the fading channel.

• For the case of mode switching and power adaptation
with linear EH, the short-term power constraint must not
be relaxed in practical systems due to the infinite (or very
huge) power allocation issue in the EH mode. This con-
clusion is in sharp contrast to the case of nonlinear EH.
In the practical case with the short-term power constraint,
our analysis for the linear EH strongly suggests that the
energy transmission should always be carried out with the
short-term power threshold, i.e., PL′

EH,ν = Pmax, to achieve
the performance close to the theoretical performance limit
only with the long-term power constraint. This result is
different from the existing result of (18) with the short-
term power constraint, i.e., PL

EH,ν = Pmax if hν > xLEH,1
and PL

EH,ν = 0 otherwise, where the energy transmission
is not always carried out with the short-term power
threshold.

VI. NUMERICAL RESULTS

In this section, we present the numerical result to con-
firm the analysis. The nonlinear EH model of (5) is used
for performance evaluation, where the parameters are set
to A = 6400 and B = 0.003 as in [28], [30]. Also,
we set Ps = E[hν]Pavg. In the simulations, the block
duration is normalized to unity, i.e., T = 1 second, and
N = 105 fading blocks are generated independently. We
use the Monte-Carlo integration to compute the expectation:

Authorized licensed use limited to: Sungkyunkwan University. Downloaded on March 08,2023 at 11:29:45 UTC from IEEE Xplore.  Restrictions apply. 



KANG et al.: JOINT OPTIMAL MODE SWITCHING AND POWER ADAPTATION 1827

Fig. 4. Convergence of the proposed solution to (P2) when Pavg ∈ {2, 3} W.

Fig. 5. Convergence of the proposed solution to (P1) when R = {1, 1.5, 2, 3}
bits/channel use and Pavg ∈ {1.5, 3} W.

E [Pν] 	 1
N

∑N
k=1 Pk , E [Rν(αν, Pν)] 	 1

N

∑N
k=1 Rk(αk , Pk),

and E
[
QNL
ν (αν, Pν )

] 	 1
N

∑N
k=1 QNL

k (αk , Pk), where αk and
Pk denote the mode switching variable and the transmit power
at the kth fading block, respectively. Also, Rk(·) and QNL

k (·)
are given by (3) and (7), respectively, with hν replaced by
hk , where hk denotes the channel power gain at the kth
block. Unless stated otherwise, the noise power is set to
σ 2 = −32 dBW and the Rician fading model is considered:

ην =
√

κ
κ+1 η̄ +

√
1
κ+1 η̃ν , ∀ν, where ην is the channel at the

fading state ν such that the channel power gain at that state
is obtained as hν = |ην |2. Also, κ is the Rician factor, and
η̄ and η̃ν ∼ CN (0, σ 2

h ) denote the line-of-sight and scattering
components, respectively. We set κ = 1 and |η̄|2 = σ 2

h =
−28 dBW. Also, the short-term power threshold is set to
Pmax = 2 Pavg.

A. Convergence of the Proposed Solutions

Figs. 4 and 5 demonstrate the convergence of the proposed
solutions to (P1) and (P2). In Fig. 4, the squared error |Pavg −
E[PNL

EH,ν]|2 of the long-term power in (P2) is plotted versus
the iteration number when Pavg ∈ {2, 3} W. In Fig. 4, the dual
variable is updated by the subgradient method according
to (17), where the step size is selected as s(i) = s

i with s = 0.1.

Fig. 6. Average harvested energy versus the long-term power threshold, Pavg.

In Fig. 5, the squared error |E[Rν(αN L
ν , PNL

ν )] − R|2 of the
average rate and the squared error |Pavg − E[PNL

ν ]|2 of the
long-term power in (P1) are plotted versus the iteration number
when R = {1, 1.5, 2, 3} bits/channel use and Pavg ∈ {1.5, 3}
W. In Fig. 5, the dual variables are updated by the subgradient
method according to (23) and (24), where the step size is
selected as s(i) = s

i with s = 1. From Figs. 4 and 5, it can
be seen that the proposed solutions in Theorems 1 and 2 are
guaranteed to converge to the optimal points of (P2) and (P1),
respectively. As the number of iterations increases, the errors
decrease. For example, in Fig. 4, when Pavg = 3 W, the error
is less than 10−4 after about 26 iterations, and in Fig. 5, when
R = 3 bits/channel use and Pavg = 3 W, the errors are less
than 10−4 after about 52 iterations.

B. Performance Comparisons

In Fig. 6, the performance of the proposed power adaptation
scheme for the nonlinear EH receiver is compared to the
existing power adaptation scheme for the linear EH receiver.
The performance of the fixed power allocation scheme is also
presented, in which the transmit power is assigned equally
over the fading blocks, i.e., Pν = Pavg, ∀ν. In Fig. 6,
the average harvested energy is shown versus the long-term
power threshold, Pavg. From Fig. 6, it can be seen that the
proposed power adaptation scheme significantly outperforms
the other schemes. Only with the long-term power constraint,
the proposed scheme provides the best performance. The exist-
ing power adaptation scheme for the linear EH receiver is even
worse than the fixed power allocation scheme, because both
the amount of harvested energy of the nonlinear EH circuit
are significantly limited due to the inaccurate or mismatched
power adaptation. Also, only with the long-term power con-
straint, the existing power adaptation scheme for the linear
EH receiver harvests very small (essentially zero) amount of
average energy. This is because even with the infinite power
assigned to the largest channel gain, the maximum amount of
harvestable power of the nonlinear EH circuit is strictly limited
by Ps , not infinite, and thus, averaging it over the entire block
yields almost zero power.
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Fig. 7. R-E regions of the various mode switching schemes for the linear
EH and nonlinear EH when Pavg ∈ {1.5, 3} W.

In Fig. 7, we numerically evaluate the R-E tradeoff per-
formance of the various mode switching schemes for the
linear EH and nonlinear EH when Pavg ∈ {1.5, 3} W, based
on the R-E region C

NL in (11). From Fig. 7, one can see
that compared to the other schemes, the proposed joint mode
switching and power adaptation scheme significantly enlarges
the R-E region, and thus, substantially improves the R-E
tradeoff performance, because the mode switching and power
adaptation are jointly optimized for the nonlinear EH. Only
with the long-term power constraint, the proposed scheme
achieves the largest R-E region. Also, the existing mode
switching scheme for the nonlinear EH with the fixed power
allocation is suboptimal in the sense of the R-E tradeoff,
because the optimal mode switching and power adaptation
are not jointly carried out. The performance of the existing
mode switching schemes for the linear EH is severely degraded
due to the mismatched or inaccurate rules for the mode
switching and/or power adaptation. In particular, due to the
mismatches in both the mode switching and power adaptation,
the R-E region of the existing joint mode switching and power
adaptation scheme for the linear EH is observed to be even
smaller (except for the very high rate regime) than the mode
switching scheme with the fixed power allocation.

In Fig. 8, we plot the R-E regions of the various mode
switching schemes for the scenario with the receiver mobility
when Pavg = 2 W, considering the realistic SWIPT appli-
cations such as the Internet-of-Things (IoT) with implanted
bio and/or wearable sensors. In this figure, the channel power

gains are modeled as hν = 1 − e
− at ar
(c/ fc)2d2

ν , ∀ν [39], where
at is the aperture of the transmit antenna; ar the aperture of
the receive antenna; c the speed of light; and dν the distance
between the transmitter and the receiver. Considering that the
receiver is a small sensor, we set at = 0.5 m, ar = 0.01
m, and fc = 2.4 GHz [5]. Also, considering the mobility

Fig. 8. R-E regions of the various mode switching schemes for the linear
EH and nonlinear EH with the receiver mobility when Pavg = 2 W.

of the receiver, the distance dν in the current fading state ν
is set to dν = dν ′ + βνvmaxT , where dν ′ is the distance in
the previous fading state ν′; vmax the maximum speed of the
velocity; and βν the parameter accounting for the direction
of the velocity. The initial distance is set to 10 m and each
βν is randomly selected over the range [−1, 1]. Also, we set
vmax = 0.5 m/s and the noise power σ 2 is set such that
the average signal-to-noise ratio is 10 dB. As can be seen
from Fig. 8, when the receiver mobility exists, the proposed
scheme performs much better than the existing schemes due to
more fluctuation of the fading channels. Also, when only the
long-term power constraint is imposed, the proposed scheme
substantially enhances the R-E tradeoff performance.

Overall, the results of Figs. 6 and 7 reveal that directly
applying the existing scheme of the linear EH to the nonlinear
EH-based SWIPT system can severely degrade the perfor-
mance. Also, the results of Fig. 8 clearly show the limitation
of the ideal linear EH model and the suboptimality of the fixed
power allocation in the practical application scenario.

VII. CONCLUSION

In this work, considering the practical nonlinear EH, we
studied the joint mode switching and power adaptation prob-
lem for the SWIPT over the fading channel. To solve this
problem, we first developed the optimal power adaptation
scheme for the nonlinear EH receiver. Then, using this scheme,
we derived the jointly optimal mode switching and power
adaptation solution for the nonlinear EH. Also, we extended
the analysis to the case of the long-term power constraint only
to obtain the theoretically largest R-E region. Comparing the
proposed scheme to the existing schemes, we obtained the
useful and interesting insights into the mode switching and
power adaptation for the nonlinear EH. The performance of
the proposed scheme was demonstrated through the numerical
results.
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In this work, we adopted the mode switching scheme to
utilize the fading fluctuations for the SWIPT. For the same
purpose, one can also adopt the DPS scheme, which was
studied in [11] for the linear EH, but has not been investigated
for the nonlinear EH yet. Thus, an interesting and important
work to be further investigated is to develop the optimal power
splitting scheme or the jointly optimal power splitting and
power adaptation scheme for the SWIPT system with nonlinear
EH over the fading channel.

APPENDIX A
PROOF OF LEMMA 1

In this proof, we show that the time sharing condition of
[35, Definition 1] is satisfied in (P2).

Let {Px,ν} and {Py,ν} denote the optimal solutions to (P2)
when Pavg = P x and Pavg = P y , respectively. Then the time-
sharing condition in [35, Definition 1] holds for (P2) if there
always exists a feasible solution {Pz,ν} such that E[Pz,ν] ≤
θ P x + (1 − θ)P y and E[QNL(1, Pz,ν)] ≥ θE[QNL(1, Px,ν)] +
(1 − θ)E[QNL(1, Py,ν)] for any θ ∈ [0, 1]. Let hk denote
the channel power gain of the kth block, k = 1, · · · , N .
Due to the law of large numbers, as N → ∞, it follows
that 1

N

∑N
k=1 Pj,k → E[Pj,ν] and 1

N

∑N
k=1 QNL

k (1, Pj,k) →
E[QNL

ν (1, Pj,ν)] for j ∈ {x, y, z}, where QNL
k is given by

(7) with hν replaced by hk . Given {Px,k} and {Py,k}, taking
the time-sharing between the two optimal solutions {Px,k} and
{Py,k}, we can construct a feasible solution {Pz,k} satisfying
the time-sharing condition as follows:

Pz,k =
{

Px,k, k = 1, · · · , θN

Py,k, k = θN + 1, · · · , N
(A.1)

for θ ∈ [0, 1]. From (A.1), it follows that

1

N

N∑
k=1

Pz,k = 1

N

θN∑
k=1

Px,k + 1

N

N∑
k=θN+1

Py,k

= θ

N

N∑
k=1

Px,k + 1 − θ

N

N∑
k=1

Py,k

→ θE[Px,ν] + (1 − θ)E[Py,ν]
≤ θ Px + (1 − θ)P y (A.2)

and

1

N

N∑
k=1

QNL
k (1, Pz,k)

= θ

N

N∑
k=1

QNL
k (1, Px,k)+ 1 − θ

N

N∑
k=1

QNL
k (1, Py,k)

→ θE[QNL(1, Px,ν)] + (1 − θ)E[QNL(1, Py,ν)] (A.3)

for ∀θ ∈ [0, 1]. Therefore, the time-sharing condition holds
for (P2).

APPENDIX B
PROOF OF THEOREM 1

In this proof, we derive the optimal solution to (P2) based
on the Lagrange duality method. First, for given dual vari-
able, the optimal power adaptation solution maximizing the

Lagrange dual function is derived. Then, using this result,
the optimal dual variable is determined.

For (P2), the Lagrange dual function is given by [36]

f (λ) = max
0≤Pν≤Pmax,∀ν

E
[
QNL
ν (1, Pν)

] + λ
(
Pavg − E [Pν]

)
(B.1)

where λ is the dual variable associated with the long-term
power constraint in (13b), which is the solution to the dual
problem: min

λ≥0
f (λ). Given λ, the problem in (B.1) can be

decoupled into parallel subproblems, each for one particular
fading state ν, as follows11:

max
0≤Pν≤Pmax

Lν(Pν) (B.2)

for ∀ν, where

Lν(Pν) = QNL
ν (1, Pν)− λPν . (B.3)

Since the above problem is nonconvex, we need to find its
solution case by case based on the optimality conditions. To
that end, we first characterize the Karush-Kuhn-Tucker (KKT)
conditions for the problem in (B.2), which are given by [36]

∂Lν
∂Pν

+ φν − ψν = 0, (B.4)

φν Pν = ψν(Pmax − Pν) = 0 (B.5)

where φν ≥ 0 and ψν ≥ 0 denote the Lagrange multipliers
associated with the constraints Pν ≥ 0 and Pν ≤ Pmax,
respectively. If Pν = 0 (or Pν = Pmax), then ψν = 0 (or
φν = 0) from (B.5), and thus, ∂Lν

∂Pν
≤ 0 (or ∂Lν

∂Pν
≥ 0) from

(B.4). Also, if 0 < Pν < Pmax, then φν = ψν = 0 from
(B.5), and thus, ∂Lν

∂Pν
= 0 from (B.4). Consequently, the KKT

conditions for the optimal Pν can be expressed as

∂Lν
∂Pν

⎧⎪⎨
⎪⎩

≤ 0, if P∗
ν = 0

≥ 0, if P∗
ν = Pmax

= 0, if 0 < P∗
ν < Pmax

(B.6)

where P∗
ν denotes the optimal solution and the partial deriva-

tive ∂Lν
∂Pν

is given by

∂Lν
∂Pν

= �ν(Pν) (1 −�ν(Pν))

G(hν)
− λ. (B.7)

In (B.7), G(x) = 1−�
Ps T Ax . Since �ν(Pν) (1 −�ν(Pν)) ≤ 1

4 for

all 0 ≤ Pν ≤ Pmax, it follows from (B.7) that ∂Lν
∂Pν

≤ 0 when
λG(hν) ≥ 1

4 . From this, we have

λG(hν ) ≥ 1

4
, if P∗

ν = 0. (B.8)

When λG(hν) <
1
4 , from (B.7) and (B.7), we have

F(0) ≤ λG(hν), if P∗
ν = 0 (B.9)

F(hν) ≥ λG(hν), if P∗
ν = Pmax (B.10)

where F(x) = e−A(x Pmax−B)

(1+e−A(x Pmax−B))2 . Also, solving the equation
∂Lν
∂Pν

= 0, we can obtain the expression for 0 < P∗
ν < Pmax.

11Due to the law of large numbers, the expectation terms in (B.1) can be
written as the summations similarly as in (A.2) and (A.3). Thus, the problem
in (B.1) can be separated into parallel subproblems, each for one summation.
Also, note that the term λPavg is is a constant independent of Pν .
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Since the equation ∂Lν
∂Pν

= 0 is quadratic in �ν(·) as can be
seen from (B.7), it has two real roots:

�(−)ν (Pν) = 1

2
−

√
1

4
− λG(hν) (B.11)

and

�(+)ν (Pν) = 1

2
+

√
1

4
− λG(hν ). (B.12)

It can be shown that �ν(Pν ) is a one-to-one function of Pν ,
and �ν(Pν) is convex and concave in Pν when �ν(Pν ) ≤
1
2 and �ν(Pν) > 1

2 , respectively. Thus, �(−)ν (Pν) (< 1
2 )

corresponds to the local minimum point, whereas �(+)ν (Pν)
(> 1

2 ) corresponds to the local maximum point. Consequently,
the solution is given by P∗

ν = Popt
ν , where

Popt
ν = �−1

ν

(
1

2
+

√
1

4
− λG(hν )

)
. (B.13)

To satisfy Popt
ν < Pmax, it should be

1

2
+

√
1

4
− λG(hν) < �ν(Pmax), (B.14)

which is equivalent to F(hν) < λG(hν) and �ν(Pmax) >
1
2 .

Also, �ν(Pmax) >
1
2 is equivalent to hν >

B
Pmax

. Therefore,
we have

hν >
B

Pmax
and F(hν) < λG(hν), if P∗

ν = Popt
ν . (B.15)

As can be seen from (B.8)–(B.10), the expressions of
the optimality conditions for P∗

ν depend on hν through the
functions F(·) and G(·). Thus, according to the values of
F(hν) and G(hν), we can determine the optimal solution.
First, when λG(hν ) ≥ 1

4 , i.e., for the Case 1, only the condition
in (B.8) is satisfied. Thus, the solution is given by P∗

ν = 0.
Next, we derive the solution when λG(hν) < 1

4 . To this end,
we need to consider all the possible cases of F(hν) and G(hν)
when λG(hν) < 1

4 , The details are given in the following.

A. 0 < hν < B
Pmax

In this case, F(hν) is monotonically increasing in hν . Thus,
we have the following three sub-cases.

1-i) F(0) < F(hν) < λG(hν): In this sub-case, only the
condition in (B.9) is satisfied. Thus, we have P∗

ν = 0.
1-ii) F(0) ≤ λG(hν) ≤ F(hν): In this sub-case, both

the conditions in (B.9) and (B.10) are satisfied at the
same time. Thus, the solution can be either Pν =
0 or Pν = Pmax. To obtain the optimal solution, we need
to compare the values of Lν(Pν) for Pν = 0 and
Pν = Pmax. If Lν(Pmax) > Lν(0), or equivalently,
QNL
ν (1, Pmax) > λPmax, we have P∗

ν = Pmax; otherwise,
we have P∗

ν = 0.
1-iii) λG(hν) < F(0) < F(hν): In this sub-case, only

the condition in (B.10) is satisfied. Thus, we have
P∗
ν = Pmax.

B. hν > B
Pmax

In this case, F(hν) is monotonically decreasing in hν and
neither F(0) > F(hν) nor F(0) < F(hν). Thus, we have the
following four sub-cases.

2-i) F(0) < λG(hν ) and F(hν) < λG(hν): In this sub-case,
both the conditions in (B.9) and (B.15) are satisfied
at the same time. Thus, the solution can be either
Pν = 0 or Pν = Popt

ν . To obtain the optimal solution,
we need to compare the values of Lν(Pν) for Pν = 0
and Pν = Popt

ν . If Lν(P
opt
ν ) > Lν(0), or equivalently,

QNL
ν (1, Popt

ν ) > λPopt
ν , we have P∗

ν = Popt
ν ; otherwise,

we have P∗
ν = 0.

2-ii) F(0) ≤ λG(hν) ≤ F(hν): In this sub-case, we have the
same P∗

ν as in the sub-case a-ii).
2-iii) λG(hν ) < F(0) < F(hν): In this sub-case, we have the

same P∗
ν as in the sub-case a-iii).

2-iv) F(hν) ≤ λG(hν) ≤ F(0): In this sub-case, only the
condition in (B.15) is satisfied. Thus, we have P∗

ν =
Popt
ν .

Finally, the dual variable λ ≥ 0 can be determined from the
following complementary slackness condition [36]:

λ
(
Pavg − E[P∗

ν ]) = 0. (B.16)

If λ = 0, then P∗
ν = Pmax for ∀ν, which is infeasible

for (P2) because Pavg < Pmax by our assumption. Thus,
it follows that λ > 0 and the optimal λ is determined to
satisfy E[P∗

ν ] = Pavg. Let λNL denote the optimal λ. Then,
using λNL and changing the notation P∗

ν to PNL
EH,ν , the optimal

power adaptation solution for all the above eight cases can be
written as in (14) by the five Cases 1–5 defined in (15).

APPENDIX C
PROOF OF LEMMA 2

In this proof, we show that the time sharing condition of
[35, Definition 1] is satisfied in (P1).

Let {αx,k, Px,k} and {αy,k, Py,k} denote the optimal solu-
tions to (P1) when (R, Pavg) = (Rx , P x ) and (R, Pavg) =
(Ry, P y), respectively. Then we can take a feasible solution
{αz,k, Pz,k} as follows:

(αz,k, Pz,k) =
{
(αx,k, Px,k), k = 1, · · · , θN

(αy,k, Py,k), k = θN + 1, · · · , N.
(C.1)

From (C.1), it can be shown that (A.2) and (A.3) are satisfied.
Also, it follows that

1

N

N∑
k=1

Rk(αz,k, Pz,k)

= θ

N

N∑
k=1

Rk(αx,k, Px,k)+ 1 − θ

N

N∑
k=1

Rk(αy,k, Py,k)

→ θE
[
Rν(αx,ν, Px,ν)

] + (1 − θ)E
[
Rν(αy,ν, Py,ν)

]
≥ θ Rx + (1 − θ)Ry (C.2)

where Rk(·) is given by (3) with hν replaced by hk . The time-
sharing condition holds in (P1).
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APPENDIX D
PROOF OF THEOREM 2

In this proof, we derive the optimal solution to (P1) based
on the Lagrange duality method. First, for given dual variables,
the jointly optimal mode switching and power adaptation solu-
tion maximizing the Lagrange dual function is derived. Then,
using this result, the optimal dual variables are determined.

The Lagrange dual function for (P1) can be written as

g(λ, μ) = max
αν∈{0,1},∀ν,

0≤Pν≤Pmax,∀ν
E

[
QNL
ν (αν, Pν)

] + λ
(
Pavg − E [Pν]

)
+ μ (E [Rν(αν, Pν)] − R) (D.1)

where λ and μ are the dual variables associated with the long-
term power and achievable rate constraints of (P1), respec-
tively, which are the solution to the following dual problem:
min

λ≥0,μ≥0
g(λ, μ). Given λ and μ, the problem in (D.1) can

be divided into parallel subproblems, each for αν and Pν , as
follows:

max
αν∈{0,1} max

0≤Pν≤Pmax
QNL
ν (αν, Pν )− λPν + μRν(αν, Pν ) (D.2)

for ∀ν. We can solve the above problem as follows: first,
given αν , we derive the optimal Pν (αν) (as a function of αν )
by solving the inner maximization of (D.2); then we derive the
optimal αν by comparing the objective values of the EH mode
when αν = 1 and the ID mode when αν = 0, i.e., by solving
the outer maximization of (D.2). The details are given below.

A. Optimal Power Adaptation in EH Mode

In the EH mode when αν = 1, the inner maximization
problem of (D.2) can be written as

max
0≤Pν≤Pmax

QNL
ν (1, Pν)− λPν , (D.3)

which is the same as the problem of (B.2). Thus, the power
adaptation solution for the EH mode is given by P∗

ν (1) =
PNL

EH,ν , where PNL
EH,ν is given by (14).

B. Optimal Power Adaptation in ID Mode

In the ID mode when αν = 0, the inner maximization
problem of (D.2) can be written as

max
0≤Pν≤Pmax

μRν(0, Pν)− λPν . (D.4)

This problem is convex in Pν and its solution is given by
the well-known water-filling power allocation [16, Ch. 5.3.3]:
P∗
ν (0) = PID,ν , where PID,ν is given by (20).

C. Optimal Mode Switching

Once P∗
ν (1) and P∗

ν (0) are determined, the optimal αν can
be obtained by comparing two objective values of (D.2): one is
given by QNL

ν (1, P∗
ν (1))−λP∗

ν (1) when αν = 1, and the other
is given by μRν(0, P∗

ν (0))− λP∗
ν (0) when αν = 0. It can be

shown that QNL
ν (1, P∗

ν (1)) ≥ λP∗
ν (1) and μRν(0, P∗

ν (0)) ≥
λP∗

ν (0); that is, each objective value is nonnegative, because
when it is negative, the transmit power is set to be zero. Thus,
defining Q̃NL

ν (αν, Pν) and R̃NL
ν (αν, Pν) as in (21) and (22),

respectively, the optimal mode switching solution is given by
α∗
ν = 1 if Q̃NL

ν (1, P∗
ν (1)) > μR̃NL

ν (0, P∗
ν (0)) and α∗

ν = 0
otherwise.

Finally, the dual variables λ ≥ 0 and μ ≥ 0 should be
chosen to satisfy the complementary slackness conditions such
that

λ
(
Pavg − E[P∗

ν ]) = 0, (D.5)

μ (E [Rν(αν, Pν)] − R) = 0. (D.6)

It can be shown that (P2) is infeasible when either λ =
0 or μ = 0. It thus follows that λ > 0 and μ > 0. Also,
the optimal λ and μ are determined to satisfy E[P∗

ν (α
∗
ν )] =

Pavg and E
[
Rν(α∗

ν , P∗
ν (α

∗
ν ))

] = R. Denoting the optimal
λ and μ by λNL and μNL, respectively, the jointly optimal
solution to (P1) can be expressed as in (19).
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