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Rate-Energy Tradeoff for Equi-Probable

Arbitrary-Shaped Discrete Inputs
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Abstract—In this paper, the fundamental rate-energy
(R-E) tradeoffs are studied for simultaneous wireless infor-
mation and power transfer (SWIPT). Unlike the existing results
obtained using Gaussian input given an average power constraint,
we focus on the equi-probable arbitrary shaped discrete inputs
considering a peak power constraint as well as an average power
constraint. For these power constraints, the transmit power
strategies are presented and the R-E regions are derived. The
optimality of different SWIPT schemes is first studied in terms
of the R-E tradeoff for the case of negligible circuit power
consumption in the information decoder. The results are extended
to the case of non-negligible circuit power consumption in the
information decoder. The asymptotic R-E regions are also derived,
which give us useful insights into the fundamental R-E tradeoffs.
Finally, the R-E regions of Gaussian input and discrete inputs are
compared under an average power constraint.

Index Terms—Energy harvesting, discrete input, power con-
straint, rate-energy (R-E) tradeoff, SWIPT.

I. INTRODUCTION

T HE radio frequency (RF) signals have been used mainly
for two different purposes. A most common way to use

RF signals is to send information (bits), which is called wire-
less information transfer (WIT). Another way is to transmit
energy from a power source to another device via RF signals
[1]–[3], which is called the wireless power transfer (WPT).
Recently, WIT and WPT have been combined and studied in
a single framework, namely, simultaneous wireless information
and power transfer (SWIPT) [4]–[9]. In power transfer via RF
signals, the transmit power is significantly attenuated even at
a moderate distance. Hence, with practical constraints of cur-
rent technology, the wireless power transfer distance may not
be very long; for example, in the frequency of 2.4 GHz, the
distance of WPT might be in the range of 3–15 m for typical
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mobile devices [9]. However, the distance can be substantially
increased with larger size antennas (e.g., array antennas) and/or
with higher frequency carriers [9]. For SWIPT with power
splitting, the amount of harvested energy might be smaller com-
pared to the case of WPT; however, the difference should be
(very) small because a very small portion of the received power
is usually used for information decoding in SWIPT [9]. Very
recently, the propagation attenuation issue of SWIPT was stud-
ied in [10] when multiple distributed transmit antennas were
used, and the results strongly suggested that SWIPT should
be actually possible. Due to high attenuation of signals, effi-
cient use of the received power for signal decoding and energy
harvesting is a critical issue in SWIPT.

In an earlier stage of research for SWIPT, it was assumed
that information decoding and energy harvesting from the same
received signals was possible [11]–[14]. However, it has been
argued that such assumption is unrealistic with the current prac-
tical circuits [15]. Making a more practical assumption that
the same received signal cannot be used for both informa-
tion decoding and energy harvesting at the same time, four
SWIPT schemes were studied in [15], [16]: dynamic power
splitting (DPS), on-off power splitting (OPS), static power split-
ting (SPS), and time switching (TS).1 In the DPS, the received
signal can be dynamically split into two portions with a time-
varying power splitting ratio: one for information decoding and
the other for energy harvesting. As a special case of the DPS,
the OPS was studied; and, as two special cases of the OPS,
the SPS and TS were studied. In SWIPT, there exists a trade-
off between the amount of information transfer and the amount
of energy transfer, which is the rate-energy (R-E) tradeoff [16].
When the circuit power consumption for information decoding
is negligible, it was shown that the SPS (and thus the OPS) is
optimal in the sense of R-F tradeoff, meaning that the SPS (and
the OPS) provides the same R-E region as the DPS [16]. When
the circuit power consumption is not negligible, only the OPS
is optimal in the R-E tradeoff [16].

Although the theoretical findings along with the numerical
results in [16] provided useful insights into the fundamental
R-E tradeoffs, the results were obtained under the assumption
that the channel input was Gaussian distribution. It is very well-
known that, given an average power constraint, Gaussian input

1In [12, Section 7.2.1], the TS scheme was discussed in the context of
SWIPT, which preceded [15] and [16]. Note that the TS scheme is indepen-
dent of the issue of whether the same received signal can (or cannot) be used
for both information decoding and energy harvesting at the same time.
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distribution theoretically maximizes the mutual information of
the channel, and thus, yields the Gaussian channel capacity.
However, Gaussian input distribution is clearly impractical to
be used because the transmit signal is drawn from a continuous
alphabet with an uncountably infinite number of elements. For
practical implementation, the input should be drawn from a dis-
crete constellation with finite elements, typically from M-ary
pulse amplitude modulation (PAM), M-ary phase shift key-
ing (PSK), or M-ary quadrature amplitude modulation (QAM).
Furthermore, in [16], only the average power was constrained
while the peak power was assumed to be unlimited. In practice,
however, the peak instantaneous power is always limited by reg-
ulation bodies, such as Federal Communications Commission
(FCC).2 Note that the maximum power must be limited to
avoid any signal distortion or clipping by ensuring the amplifier
works only in the linear region (not in the saturation region).
At the very least, it is never practical to simply assume that
the peak power is unlimited. For these reasons, the peak power
constraint has been also considered for derivation of the capac-
ity in the literature. Historically, for asymptotically high and
low signal-to-noise ratio (SNR), the capacity was studied by
Shannon under peak and average power constraints [18]. Under
the same power constraints, Smith then showed that the capac-
ity achieving distribution for real-valued Gaussian channels had
to be discrete with finite mass points [19]. Later, the results
were generalized to the case of complex-valued channels in
[20]. Extending the results of [19], a set of noise probability
distributions of which corresponding capacity achieving input
distributions had finite mass points was derived in [21]. The
peak power constraint was also studied for fading channels
in [22]–[24]. For a recent summary of the issue, see [25].
Recently, the peak power constraint was also studied in the
context of SWIPT and it was shown that discrete constella-
tions should be used to optimize the energy and information
transmission [12, Theorem 7.9], [13].

In the literature (including [16]), however, the fundamental
R-E tradeoffs of SWIPT systems have never been studied for
the discrete inputs.3 This motivated our work. In this paper,
for M-ary input communications, we study the fundamental
R-E tradeoff for coded systems in terms of channel capacity.
Another novel aspect of this work is that we consider the R-E
tradeoffs under the peak power constraint as well as the average
power constraint. The main contributions of this paper can be
summarized as follows.

• Using the upper/lower bounds of M-ary input capacity,
the SPS and OPS are shown to be optimal for the case
of average power constraint. For the case of peak power
constraint, using the M-ary capacity bounds, only the
OPS (not the SPS) is shown to be optimal. This result

2For example, by FCC, the maximum effective isotropic radiated power
(EIRP) is limited to 36 dBm in the industrial, scientific and medical (ISM) band
[17]. In the 2.4 GHz band, the EIRP may go up to 52 dBm with the antenna gain
30 dBi [17].

3In [16], the maximum achievable rate of SWIPT was investigated for M-ary
input system for uncoded systems in terms of error probability, not the capacity.
That is, the R-E tradeoffs or the R-E regions of M-ary input were not studied
in [16].

is in sharp contrast to the results of the Gaussian input
case [16].

• The R-E regions of the DPS, OPS, SPS, and TS are
analyzed for asymptotically high SNR. Furthermore, the
fundamental tradeoffs between SPS and TS are analyti-
cally studied by deriving a cross-over rate for the case of
peak power constraint. For the case of average power con-
straint, it is shown that SPS is always better than TS. Such
asymptotic analysis has not been done in the literature
including [16].

• Considering the power consumption at the information
decoding circuits, only the OPS is shown to be optimal,
which is in contrast to the results of the previous scenario
with no circuit power consumption in the information
decoder.

• Considering the circuit power consumption in the infor-
mation decoder, the asymptotic R-E regions of OPS, SPS,
and TS are analyzed and it is shown that only the OPS
is optimal. We also show that, between TS and SPS, no
particular scheme is always better than the other, and the
cross-over rates are derived. This is in contrast to the
results of the case of no circuit power consumption in the
information decoder.

• With an average power constraint, the R-E regions of
Gaussian input derived in [16] are compared to those of
M-ary input derived in this paper.

The remainder of this paper is composed as follows. In
Section II, the system model, constellations, and power con-
straints are presented. In Section III, the transmitter side of
SWIPT systems is described. Then the R-E regions for finite
and asymptotically high SNR are analyzed when the circuit
power consumption of the information decoder is negligible.
This analysis is extended to the case of non-negligible circuit
power consumption of the information decoder in Section IV.
In Section V, the R-E regions of the M-ary and Gaussian inputs
are compared under an average power constraint. The paper is
concluded in Section VI.

Notation: We use A := B to denote A, by definition, equals
B and use A =: B to denote B, by definition, equals A. Given
a set �, we use �C to denote the complement of � and use
|�| to denote the size of �. For a random variable X , We use
E[X ] to denote the statistical expectation of X . Also, we use
C(·) to denote the channel capacity. The circularly symmetric
complex Gaussian distribution with zero mean and variance σ 2

is denoted by CN(0, σ 2).

II. PRELIMINARIES

A. SWIPT System: Combined Receiver for Information
Decoding and Energy Harvesting

Let x(t) denote the complex baseband signal with
E[|x(t)|2] = 1, which is scaled by a factor of

√
P(t) by an

amplifier at the transmitter. Let h = |h|e jθ denote the equiv-
alent complex channel with channel power gain |h|2 and phase
shift θ . At the receiving antenna, the equivalent complex pass-
band continuous-time signal ỹ(t) is given by

ỹ(t) = |h|√P(t)x(t)e j (2π fct+θ) + ηA(t)e j2π fct (1)
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where fc is the carrier frequency and ηA(t) is the antenna
noise modeled by CN(0, σ 2

A). The receiver of the SWIPT
system is composed of two parts: the information receiver
and the energy receiver. Assuming an ideal power splitter,
the received signal is split into two parts,

√
ρ(t)ỹ(t) and√

1 − ρ(t)ỹ(t), with a power splitting ratio 0 ≤ ρ(t) ≤ 1: the
first part

√
ρ(t)ỹ(t) is used for energy harvesting and the

remaining part
√

1 − ρ(t)ỹ(t) is used for information decod-
ing.

Firstly, we consider the information receiver part, where√
1 − ρ(t)ỹ(t) is frequency down-converted and coherently

demodulated. In this conversion, additional noise ηcov(t) is
introduced, which is modeled by CN(0, σ 2

cov). Then the sig-
nal is sampled and converted to discrete-time signals by an
analog-to-digital converter (ADC). At the k-th sample period,
the equivalent complex baseband discrete-time signal yk is
given by [16]

yk = |h|√(1 − ρk)Pk xk + √
1 − ρkηA,k + ηcov,k, k = 1, 2, · · ·

(2)
where ρk, Pk, xk, ηA,k , and ηcov,k , respectively, represent the
sampled versions of ρ(t), P(t), x(t), ηA(t), and ηcov(t). The
total noise

√
1 − ρkηA,k + ηcov,k is distributed by CN(0, (1 −

ρk)σ
2
A + σ 2

cov). Given Pk and ρk , therefore, the SNR �(Pk, ρk)

is given by

�(Pk, ρk) = |h|2(1 − ρk)Pk

(1 − ρk)σ
2
A + σ 2

cov

. (3)

Secondly, we consider the energy receiver part, where√
ρ(t)ỹ(t) is used for energy harvesting. Following the proce-

dure of [16], the harvested power qk in the k-th symbol period
is given by

qk =ρkζ |h|2 Pk (4)

where 0 < ζ ≤ 1 denotes the power conversion efficiency.

B. Constellations

The signal xk is drawn from an equi-probable one- or a two-
dimensional constellation X, with E[|xk |2] = 1, i.e., xk ∈ X.
Fig. 1 shows two examples: square 16-QAM and circular 16-
QAM. The 16-QAM is designed by selecting a closely packed
subset of points in a regular array or lattice, and in [26, p. 568] it
is commented “In a two-dimensional signal space the optimum
boundary surrounding an array of points tends toward a circle.”
Throughout this paper, we will consider both square 16-QAM
and circular 16-QAM as examples.4 Note, however, that our
analysis will be valid for arbitrarily shaped one-dimensional
constellations (not necessarily equally-space PAMs) and for
arbitrary shaped two-dimensional M-ary constellations (not
necessarily square, rectangular, or circular type QAMs).

4The circular constellation of Fig. 1(b) has an (1, 5, 10) configuration of
16 points. There exist other circular 16-QAMs such as (5, 11) or (4, 12)

configurations [27]. Among those circular 16-QAMs, the (1, 5, 10) provides
the best performance [27] under average power constraints. With peak power
constraints, however, the (5, 11) provides the best performance [27].

Fig. 1. Examples of two-dimensional constellations: rectangular and circular
16-QAMs.

C. Capacity for M-ary Input

In this subsection, the capacity for information transfer in the
SWIPT system is presented. If we assume Pk = P and ρk = ρ,
the exact capacity C(P, ρ) is given by [28, p. 20]5

Cexa(P, ρ) = −
∫

y∈C
u(y,P,ρ) log2 u(y,P,ρ)dy − log2(πeσ 2)

(5)
where C denotes the complex plane and u(y, P, ρ) is given by

u(y, P, ρ) = 1

M

∑
x∈X

1

π2
√

(1 − ρ)σ 2
A + σ 2

cov

× exp

[
−|y − |h|√(1 − ρ)Px |2

(1 − ρ)σ 2
A + σ 2

cov

]
. (6)

Unfortunately, the integration in (5) is not solved in closed form
even for the simplest case of binary PSK (BPSK) with ρ = 0,
not to mention the general M-ary case [28, p. 14], [29, p. 363].
Due to the non-closed form expression of the exact capacity, the
analysis directly using Cexa(P, ρ) is difficult.

In this paper, for analytical tractability, we will also use
the upper-bound Cup(P, ρ) and lower-bound Clow(P, ρ) of the
capacity:

0 < Clow(P, ρ) ≤ Cexa(P, ρ) ≤ Cup(P, ρ) (7)

where Cup(P, ρ) is given in closed-form as follows [30]:

Cup(P, ρ) = log2 M − 1

M

∑
x∈X

log2 [1 + (M − 1)

× exp

⎛
⎝− |h|2(1 − ρ)P

(M − 1)((1 − ρ)σ 2
A + σ 2

cov)

∑
x ′∈X;x ′ �=x

|x − x ′|2
⎞
⎠
⎤
⎦

(8)

and Clow(P, ρ) is given in closed-form as follows [30]:

Clow(P, ρ) = log2 M − log2

⎡
⎣1 + 1

M

∑
x∈X

∑
x ′∈X;x ′ �=x

× exp

(
−|h|2(1 − ρ)P|x − x ′|2

4((1 − ρ)σ 2
A + σ 2

cov)

)]
. (9)

5As a special case, the capacity for the purely information receiver with no
energy harvesting is given by Cexa(P, 0).
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It can be easily shown that as the SNR goes to infinity, the
upper and lower bounds tend to the exact capacity:

Cup(P, ρ) → Cexa(P, ρ) and Clow(P, ρ) → Cexa(P, ρ)

as �(P, ρ) → ∞. (10)

That is, the upper and lower bounds are asymptotically tight.

D. Power Constraints

Assume that the transmit source data is encoded into coded
blocks (or codewords) of length N by a (capacity achiev-
ing) error correction code. Each block is denoted by c =
[x1, x2, · · · , xN ] with E[|xk |2] = 1. When each symbol xk is
amplified by a factor of

√
Pk , the instantaneous transmit power

Pins,k(xk) for the k-th symbol is given by

Pins,k(xk) = Pk |xk |2. (11)

The symbol average power Pavg,k , which is defined to be the
average taken with respect to symbol realizations, for the k-th
symbol is given by

Pavg,k := E[Pins,k(xk)] = E[Pk |xk |2] = PkE[|xk |2] = Pk .

(12)
From Pavg,k = Pk , the instantaneous power can be also written
as Pins,k(xk) = Pavg,k |xk |2. In the following, we will consider
two different types of power constraints: the average power
constraint and the peak power constraint.

1) Average Power Constraint: This power constraint means
that the average transmission power Pavg,k is always maintained
not to be larger than a threshold PTh (with no constraint on the
peak instantaneous power) as follows:

Pavg,k ≤ PTh. (13)

This is a very common power constraint in the literature, espe-
cially to derive the capacity for Gaussian channels [31, Ch. 9].
This average power constraint was also used to study the R-E
tradeoff in [16], under the assumption that the peak power can
be unlimited.

2) Peak Power Constraint: This power constraint means
that the maximum instantaneous transmission power Pmax

ins,k(xk)

is always maintained not to be larger than a threshold, PTh:

Pmax
ins,k(xk) := max

xk∈X
Pins,k(xk) = Pavg,k max

xk∈X
|xk |2 ≤ PTh. (14)

The peak power constraint is meaningful (i.e., being different
from the average power constraint) only when the instanta-
neous transmit power Pins,k(xk) is not fixed, which is the case
for non-constant amplitude constellations such as PAMs or
QAMs. For constant amplitude constellations such as PSKs,
Pins,k(xk) is fixed to Pavg,k,∀xk ∈ X because |xk | = 1,∀xk ∈
X, and thus, the maximum instantaneous power is simply equal
to the average power: Pmax

ins,k(xk) = Pavg,k . Note that, for non-

constant amplitude constellations, maxxk∈X |xk |2 is determinis-
tic although |xk |2 is random. As discussed in the Introduction,
the peak power constraint is a very practical assumption.

III. RATE-ENERGY TRADEOFFS

In this section, we first describe two different transmit power
settings depending on power constraints. Using these settings,
the R-E regions are presented for DPS, OPS, SPS, and TS
schemes. Then the optimality of the schemes is analyzed.
Finally, the asymptotic R-E regions are presented, which will
give us useful insights.

A. Transmit Power Setting

The transmitted symbols can be categorized into two types.
First, some symbols are transmitted only for energy transfer
(i.e., ρk = 1). These symbols will be referred to as the energy
symbols. Second, some symbols are transmitted for informa-
tion transfer only (i.e., ρk = 0), or for both information and
energy transfer together (i.e., 0 < ρk < 1). These symbols will
be referred to as the information symbols. To maximize the
power transfer and/or data rate, we set the transmit power for
different power constraints as follows.

1) Case 1: Average Power Constraint: For energy symbols
(ρk = 1), the instantaneous power Pins,k(xk) is maintained to be
constant and set to the maximum average power threshold PTh;
i.e., Pins,k(xk) = PTh with ρk = 1, which leads to Pavg,k = PTh
with ρk = 1. For information symbols (0 ≤ ρk < 1), the instan-
taneous power Pins,k(xk) depends on the magnitude of the
constellation point |xk | carrying the desired information bits;
i.e., in general Pins,k(xk) �= PTh for 0 ≤ ρk < 1. To maximize
the amount of power transfer and/or the data rate while satis-
fying the average power constraint, the symbol average power
Pavg,k is set to its allowed maximum PTh; i.e., Pavg,k = PTh for
0 ≤ ρk < 1. Overall, we have Pavg,k = PTh for 0 ≤ ρk ≤ 1.

2) Case 2: Peak Power Constraint: For energy symbols
(ρk = 1), the instantaneous transmit power Pins,k(xk) is set
to PTh; i.e., Pins,k(xk) = PTh. From Pavg,k = E[Pins,k(xk)], we
have Pavg,k = PTh for ρk = 1. On the other hand, for informa-
tion symbols (0 ≤ ρk < 1), the instantaneous transmit power
Pins,k(xk) depends on the particular constellation point carrying
the desired information bits; i.e., in general Pins,k(xk) �= PTh.
The average transmit power Pavg,k is determined such that the
outermost constellation points yield the peak power threshold;
i.e., Pavg,k maxxk∈X |xk |2 = PTh.

In summary, the average transmit power Pavg,k is set as
follows:

Pavg,k =μPTh (15)

where

μ =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1, for all symbols (0 ≤ ρk ≤ 1)

in Case 1
1, for energy symbols (ρk = 1)

in Case 2
1

maxxk∈X |xk |2 , for information symbols

(0 ≤ ρk < 1) in Case 2

. (16)

B. Transmission of Symbols

In this subsection, we describe how the symbols are trans-
mitted to the receiver. Let � denote the set of information

Authorized licensed use limited to: Sungkyunkwan University. Downloaded on March 08,2023 at 11:32:16 UTC from IEEE Xplore.  Restrictions apply. 



KIM AND KIM: WIRELESS INFORMATION AND POWER TRANSFER 4397

symbols (0 ≤ ρk < 1) and �C denote the set of energy sym-
bols (ρk = 1). In this paper, it is assumed that the set size |�| is
pre-determined and this information is communicated from the
transmitter to the receiver. Also, it is assume that the symbol
transmissions are carried out as follows:

• At the beginning of each block, a preamble (or header) is
transmitted from the transmitter to the receiver for syn-
chronization and for signaling of set size information |�|.

• The first |�| symbols are used as information symbols.
(Thus, for all of these symbols, μ is fixed to one for Case
1 and to 1

maxxk∈X |xk |2 for Case 2.)

• The remaining |�C | = N − |�| symbols are used as
energy symbols. (Thus, for all of these symbols, μ is fixed
to one for all Cases.)

With the transmission above, the receiver is able to obtain
synchronization at the beginning of each block (via the pream-
ble) and to maintain the synchronization through |�| informa-
tion symbols. After this, |�C | energy symbols are received by
the receiver, in which the synchronization might be lost. In
what follows, to simplify the notation, we define α to be α :=
|�C |

N = N−|�|
N , where 0 ≤ α ≤ 1. Finally, note that the informa-

tion of power splitting ratios ρk is not needed at the transmitter,
because the power splitting is carried out by the receiver. The
information needed at the transmitter is the set size |�|, which
is used to change the transmission power setting, μ.

C. R-E Tradeoffs

Let Q denote the energy harvested during a block, which
is upper-bounded by Q ≤ ∑N

k=1 qk Ts , where qk is the har-
vested power in the k-th symbol period, which is given by
(4), and Ts denotes the symbol duration. Let R denote the
transmission rate per channel use, which is upper-bounded by
R ≤ 1

N

∑N
k=1 Cexa(Pavg,k, ρk). In [16], four SWIPT schemes,

DPS, OPS, SPS, and TS, were studied for Gaussian input with
an average power constraint. In the following, we study those
four schemes for M-ary input with a peak power constraint as
well as an average power constraint. The most general strategy
is the DPS, which is defined as follows:

• Dynamic Power Splitting (DPS): The received sig-
nals are split into two streams with power splitting
ratio 0 ≤ ρk ≤ 1 for k = 1, · · · , N . For the k-th received
symbol, (1 − ρk) portion of the received power is used
for information decoding and the other ρk portion of
the received power is used for energy harvesting, where
0 ≤ ρk ≤ 1 for k = 1, · · · , N .

For the DPS scheme, the R-E region is given by

CDPS
exa =

⋃
ρ

{
(R, Q) : Q ≤

N∑
k=1

ρkζ |h|2Ts Pavg,k,

R ≤ 1

N

N∑
k=1

Cexa
(
Pavg,k, ρk

)}
(17)

where ρ = (ρ1, ρ2, · · · , ρN ) denotes the power splitting
vector with 0 ≤ ρk ≤ 1, k = 1, · · · , N . It follows from

Cexa(Pavg,k, 1) = 0 that the R-E region CDPS
exa of (17) can be

rewritten as

CDPS
exa =

⋃
ρ

⎧⎨
⎩(R, Q) : Q ≤

∑
k∈�C

ζ |h|2Ts Pavg,k

+
∑
k∈�

ρkζ |h|2Ts Pavg,k, R ≤ 1

N

∑
k∈�

Cexa
(
Pavg,k, ρk

)}
.

(18)

Using (15) and (16), we have Pavg,k = μPTh for k ∈ �, and
we have Pavg,k = PTh for k ∈ �C because μ = 1 for k ∈ �C .
Then the R-E region CDPS

exa of (18) can be rewritten as

CDPS
exa =

⋃
α,ρ�

{
(R, Q) : Q ≤ αζ |h|2 N Ts PTh

+
∑
k∈�

ρkζ |h|2μTs PTh, R ≤ 1

N

∑
k∈�

Cexa (μPTh, ρk)

}

(19)

where ρ� is the vector composed of ρk’s for k ∈ �.
As a special case of the DPS, the OPS scheme is given as

follows:
• On-off Power Splitting (OPS): Out of the N received

symbols, the symbols in �C are used only for energy
harvesting. The symbols in � are used for both energy
harvesting and information decoding with a fixed power
splitting ratio 0 ≤ ρ < 1: ρ portion of the power is used
for energy harvesting and (1 − ρ) portion for information
decoding.

The R-E region of the OPS scheme is obtained from (19) by
setting ρk = ρ for k ∈ �:

COPS
exa =

⋃
α,ρ

{
(R, Q) : Q ≤ αζ |h|2 N Ts PTh

+(1 − α)ρζ |h|2μN Ts PTh, R≤(1−α)Cexa(μPTh, ρ)
}
.

(20)

As two special cases of the OPS, the SPS and TS schemes are
given as follows:

• Static Power Splitting (SPS): All N symbols are used for
both information decoding and energy harvesting with a
fixed splitting ratio 0 ≤ ρ < 1: ρ portion is for energy
harvesting and (1 − ρ) portion for information decoding.

• Time Switching (TS): The symbols in �C are used only
for energy harvesting and the symbols in � are used only
for information decoding.

The R-E region of the SPS is obtained by setting α = 0 in
COPS

exa and the R-E region of the TS is obtained by setting ρ = 0
in COPS

exa as follows:

CSPS
exa =

⋃
ρ

{
(R, Q) : Q ≤ ρζ |h|2μN Ts PTh,

R ≤ Cexa (μPTh, ρ)} (21)

CTS
exa =

⋃
α

{
(R, Q) : Q ≤ αζ |h|2 N Ts PTh,

R ≤ (1 − α)Cexa (μPTh, 0)} . (22)
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D. Optimality of the Schemes

Out of the four schemes, the DPS provides the best R-E
tradeoff performance because the R-E region CDPS

exa is clearly
the largest, enclosing COPS

exa , CSPS
exa , and CTS

exa inside of it. If any
scheme among the OPS, SPS, and TS provides the same R-E
region as the DPS, then the scheme can be considered as DPS-
optimal, which will be referred to simply as optimal in the
following.

As will be shown later, to study optimality of the schemes, it
is necessary to prove if the exact capacity Cexa(P, ρ) is concave
in ρ ∈ [0, 1] or not. In fact, Cexa(P, ρ) appears to be concave in
ρ ∈ [0, 1] and this can be demonstrated by numerically plotting
Cexa(P, ρ) over ρ ∈ [0, 1] for various values of P . However,
it is difficult to mathematically prove the concavity because
no closed-form expression of Cexa(P, ρ) exists. In this paper,
to make the analysis tractable, we use the capacity upper and
lower bounds to study the optimality of the schemes. In the fol-
lowing lemma, we first show the concavity of the upper and
lower bounds of the capacity.

Lemma 1: Both the capacity upper-bound Cup(P, ρ) and
lower bound Clow(P, ρ) are concave in ρ ∈ [0, 1].

Proof: See Appendix A. �
Using Lemma 1, we will establish the optimality of the

schemes. To this end, we first define the R-E regions based on
the upper/lower capacity bounds. Let CDPS

up , COPS
up , CSPS

up , and

CTS
up denote the R-E regions of the DPS, OPS, SPS, and TS,

respectively, obtained by (19), (20), (21), and (22) with Cexa(·)
replaced by Cup(·). In the same way, CDPS

low , COPS
low , CSPS

low , and
CTS

low are respectively given by (19), (20), (21), and (22) with
Cexa(·) replaced by Clow(·) of (9). Now, we have the following
result.

Theorem 1: For Case 1, the followings hold:

CDPS
up = COPS

up = CSPS
up and CDPS

low = COPS
low = CSPS

low . (23)

For Case 2, the followings hold:

CDPS
up = COPS

up and CDPS
low = COPS

low . (24)

For Cases 1 and 2, the followings hold:

CDPS
up ⊃ CTS

up and CDPS
low ⊃ CTS

low (25)

for any α ∈ (0, 1).

Proof: See Appendix B. �
From Theorem 1, one can see that, for Case 1, the SPS

(and the OPS) is optimal in the sense of capacity upper/lower
bounds. On the other hand, the TS is sub-optimal. The rea-
son why the TS is always sub-optimal can be explained as
follows. When α = ρ = 0, the rates for the SPS and TS are
the same with zero harvested energy; also, when α = ρ = 1,
the harvested energy for the SPS and TS is the same with
zero rate. However, in the range of 0 < α < 1 and 0 < ρ < 1,
the SPS is better than the TS. In the TS, the rate given by
(1 − α)Cexa(μPTh, 0) decreases linearly with α. On the other
hand, in the SPS, the rate is given by Cexa(μPTh, ρ) and the
capacity is concave in ρ, which can be numerically demon-
strated. For Case 2, only the OPS is optimal in the sense of

capacity upper/lower bounds. Furthermore, the TS is again sub-
optimal in the sense of capacity upper/lower bounds. Although
we conjecture that these results hold in the sense of exact
capacity, we do not have a mathematical proof. Overall, the
results of Theorem 1 suggest that the DPS, which is complex
to implement, does not need to be used in practice; instead, the
OPS and SPS can be used under average power constraint, and
the SPS can be used under peak power constraint, all without
performance loss.

We now plot the exact R-E boundaries for the OPS, SPS,
and TS by numerically evaluating the exact capacity Cexa(·)
in (5). The boundaries of CSPS

exa and CTS
exa can be obtained by

simply sweeping ρ and α, respectively, from zero to one.
On the other hand, to obtain the boundary of COPS

exa , the
optimal pairs (αopt, ρopt) maximizing the R-E region must
be determined. To that end, from Q = αζ |h|2 N Ts PTh + (1 −
α)ρQζ |h|2μN Ts PTh, we have

ρQ = Q − α|h|2ζ N Ts PTh

(1 − α)|h|2ζμN Ts PTh
. (26)

Then ρQ is substituted into C
OPS
exa (μPTh, ρ) and maximized as

follows:

αopt = arg sup
αlow<α≤αup

(1 − α)COPS
exa

(
μPTh, ρQ

)
. (27)

In this equation, α ≤ αup is obtained from ρ ≥ 0, where

αup = Q

|h|2ζ N Ts PTh
. (28)

Also, α > αlow is obtained from ρ < 1, where

αlow =
{

Q−|h|2ζμN Ts PTh
|h|2ζ(1−μ)N Ts PTh

, for μ �= 1

0, for μ = 1
. (29)

The optimization of (27) involves a one dimensional full search-
ing over a finite range (αlow, αup] with 0 ≤ αlow ≤ αup ≤ 1,
which is not very difficult to carry out. Finally, the R-E
boundary of the OPS is plotted by using αopt and ρopt =

Q−αopt|h|2ζ N Ts PTh

(1−αopt)|h|2ζμN Ts PTh
.

When plotting the R-E curves in this paper, the chan-
nel power gain is modeled by |h|2 = 1 − exp(− At Ar

(c/ fc)2d2 ) [9],
where At is the aperture of the transmit antenna, Ar the aper-
ture of the receiver antenna, c speed of light, and d the distance.
Assuming the receiver is a small sensor, they are set6 as At =
0.5 m, Ar = 0.01 m, fc = 2.4 GHz, and d = 13 m. Also,
σ 2

A = σ 2
cov = σ 2 and the block duration is set to one second,

N Ts = 1 s. Using the exact capacity Cexa(·), in Figs. 2 and 3,
we numerically plot the exact R-E regions of COPS

exa , CSPS
exa , and

CTS
exa for Case 1. In this figure, PTh = 1 W and |h|2 PTh

σ 2 = 20 dB.
As expected from Theorem 1, for Case 1, the OPS and SPS
exhibit the same R-E performance, and the TS is worse than
those.

6If different values of At , Ar , fc , and d are used, the value of |h|2 is different.
However, the shape of the R-E boundary remains the same and only the numer-
ical value Q of the harvested energy increases/decreases linearly proportional
to |h|2.
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Fig. 2. 2-PAM, 4-QAM, 8-PAM, and square 16-QAM for Case 1. PTh = 1 W

and |h|2 PTh
σ2 = 20 dB.

Fig. 3. Square and circular 16-QAMs for Case 1. PTh = 1 W and |h|2 PTh
σ2 =

20 dB.

Fig. 4 shows the results for Case 2. As expected from
Theorem 1, the OPS is superior to both the SPS and TS. One
interesting result for Case 2 is that the SPS is not always better
than the TS. The reason can be explained as follows. Whenever
the transmit power is used only for power transfer, the (average
and instantaneous) transmit power is set to the maximum trans-
mit power threshold PTh. However, when the transmit power
is used fully or in part for the information transfer, the aver-
age transmit power should be maintained to be Pavg,k = μPTh,
which is smaller than PTh. Thus, for the SPS scheme, the maxi-
mum harvested energy is only ζ |h|2μPTh, because the transmit
power is always used for information transfer. On the other
hand, when the TS scheme is used, the (average and instanta-
neous) transmit power can be set to PTh whenever the transmit
power is used only for power transfer. For this reason, given the
same rate R for the TS and SPS, which is smaller than a certain
threshold rate, the harvested energy of the TS is larger than that
of the SPS. On the other hand, for the same rate R that is higher
than the threshold rate, the SPS is better than the TS.

Finally, one can see the effect of the constellation shape on
the R-E regions. In Fig. 3, with an average power constraint,

Fig. 4. R-E regions for Case 2. PTh = 1 W and |h|2 PTh
σ2 = 20 dB.

the circular constellation does not provide much improve-
ment compared to the square one. With a peak power con-
straint, however, the circular constellation provides notice-
able improvement especially for OPS and SPS as shown in
Fig. 4.

Remark 1: Note that the R-E boundaries of OPS, SPS, and
TS for finite SNRs are plotted by numerically evaluating the
equations of COPS

exa , CSPS
exa , and CTS

exa, along with the exact capacity
expression Cexa(·). In this paper, however, the R-E boundaries
of DPS are not numerically plotted for finite SNRs due to
the extremely high computational complexities. Specifically, in
order to plot an R-E boundary of DPS, all elements of ρ� and
α must be jointly optimized such that the R-E region of DPS is
maximized. Because the complexity exponentially grows with
|�|, it appears not possible to numerically plot the R-E bound-
aries of DPS for finite SNRs. Another issue is that it might
be difficult to implement the receiver with DPS in practice,
because the power splitting ratio changes on a symbol-level
basis. Although it might be difficult to use DPS in practice, DPS
serves as the performance bench marking scheme to evaluate
the R-E optimality of other simpler schemes including OPS,
SPS, and TS. Finally, note that, for the asymptotically high
SNRs, the R-E boundaries of all schemes including DPS, OPS,
SPS, and TS can be plotted purely analytically, as will be shown
in the next section.

E. Asymptotically High SNR Case

For the case of M-ary input, the capacity does not increase
indefinitely with the SNR. Instead, when the SNR goes to infin-
ity, the capacity approaches a finite value, log2 M .7 In practice,
we often aim to achieve (very closely) the rate of log2 M with a
low decoding error probability, which can be achieved in high
SNR. In this subsection, we study the asymptotically high SNR
case to get useful insights into the R-E tradeoffs. Let CDPS∞ ,
COPS∞ , CSPS∞ , and CTS∞ denote the R-E regions of the DPS, OPS,

7This is in sharp contrast to the case of the Gaussian input, where the capacity
increases indefinitely with the SNR.
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Fig. 5. Asymptotic R-E regions analytically obtained when �(μPTh, ρ) → ∞.
For Case 2, RC = (1 − μ) log2 M .

SPS, and TS when the SNR �(μPTh, ρ) goes to infinity:

C�∞ := lim
�(μPTh,ρ)→∞C�

exa,� ∈ {DPS, OPS, SPS, TS}. (30)

In the following, we first show that the SPS is asymptotically
optimal for Case 1, and that the OPS is asymptotically opti-
mal for Case 2. Also, their (exact) asymptotic R-E regions are
provided.

Theorem 2: When �(μPTh, ρ) → ∞, for Case 1, the
(exact) asymptotic R-E regions are given by

CDPS∞ =COPS∞ = CSPS∞ =
{
(R, Q) : Q ≤ ζ |h|2 N Ts PTh,

R ≤ log2 M
}

(31)

CTS∞ =
⋃
α

{
(R, Q):Q≤αζ |h|2 N Ts PTh, R≤(1 − α) log2 M

}
.

(32)

When �(μPTh, ρ) → ∞, for Case 2, the (exact) asymptotic
R-E regions are given by

CDPS∞ =COPS∞ =
⋃
α

{
(R, Q) : Q ≤ αζ |h|2 N Ts PTh

+(1 − α)ζ |h|2μN Ts PTh, R ≤ (1 − α) log2 M
}

(33)

CSPS∞ =
{
(R, Q) : Q ≤ ζ |h|2μN Ts PTh, R ≤ log2 M

}
(34)

CTS∞ =
⋃
α

{
(R, Q) : Q ≤ αζ |h|2 N Ts PTh,

R ≤ (1 − α) log2 M
}
. (35)

These asymptotic R-E regions are plotted in Fig. 5.

Proof: See Appendix C. �
The results of Theorem 2 can be interpreted as follows. First,

consider Case 1. The shape of the R-E regions of the DPS,
OPS, and SPS are square, implying that there is no trade-off
between the achieved rate and the harvested energy. This is
because when the SNR is very high, very small portion of the
power is enough to (very closely) achieve the rate of log2 M and
essentially all power can be used for energy harvesting. Note
that such rectangular region with height of ζ |h|2 N Ts PTh is
the theoretically possible largest trade-off region. Also, CDPS∞ =
COPS∞ = CSPS∞ is actually what can be expected from Theorem 1,
because the capacity upper and lower bounds are asymptoti-
cally exact from (10). For the TS, one can see a linear trade-off

Fig. 6. R-E regions in high SNR for Cases 1 and 2. PTh = 100 W and
|h|2 PTh

σ2 = 40 dB.

between the rate and the energy. This is because the power
is forced to be used either only for information transfer or
only for power transfer, which is not efficient in the high SNR
regime. Consequently, the R-E region of the TS is strictly and
significantly smaller than those of the DPS, SPS, and OPS.

Second, consider Case 2. As can be inferred from Theorem 1,
the R-E region of the OPS is larger than those of the SPS and
TS. Between the SPS and TS, however, the SPS is not always
better than the TS. For the reason discussed in the last sub-
section, given the same rate R for the TS and SPS, which is
smaller than a certain rate RC , the harvested energy of the
TS is larger than that of the SPS. On the other hand, for the
same rate R that is higher than the rate RC , the SPS is better
than the TS. This rate RC will be referred to as the cross-over
rate. In the following, given the peak power constraint, RC is
obtained.

Corollary 1: For Case 2, the cross-over rate RC is given by

RC = (1 − μ) log2 M (36)

where μ is given by (16).

Proof: From (34) and (35), we can determine RC = (1 −
μ) log2 M . �

In order to confirm the result of Theorem 2, in Fig. 6, we
numerically plot the exact R-E regions for Cases 1 and 2 using
the exact capacity Cexa(·) for a high SNR or with a large
power constraint PTh = 104. Other parameters are the same as
in Figs. 2, 3, and 4. From Fig. 6, one can see the results that
were expected by Theorem 2.

In this section, under the assumption that power consump-
tion required by the information decoding circuit at the receiver
is very small (and thus, ignored), we have been able to obtain
useful insights into the fundamental differences of the R-E
tradeoffs. In fact, the circuit power consumption involved with
information decoding is usually ignored in the areas of digi-
tal communication and information theory. In the next section,
we consider the scenario where the circuit power consump-
tion for information decoding is not small, and thus, not
negligible.
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IV. RATE-ENERGY TRADEOFF WITH POWER

CONSUMPTION AT INFORMATION RECEIVER

In this section, we take into account the circuit power con-
sumption in the information receiver.8 In the following, we first
study the optimality of different schemes and then present the
asymptotic R-E regions.

A. R-E Tradeoffs

Let PS denote the power consumed by the information
decoding circuitry. With PS > 0, the R-E regions are given by

CDPS′
exa =

⋃
α′,ρ′

�

{
(R, Q) : Q ≤ α′ζ |h|2 N Ts PTh

+
∑
k∈�

(ρ′
kζ |h|2μPTh − PS)Ts,

R ≤ 1

N

∑
k∈�

Cexa
(
μPTh, ρ

′
k

)}
(37)

COPS′
exa =

⋃
α′,ρ′

{
(R, Q) : Q ≤ α′ζ |h|2 N Ts PTh

+ (1 − α′)(ρ′ζ |h|2μPTh − PS)N Ts,

R ≤ (1 − α′)Cexa
(
μPTh, ρ

′)} (38)

CSPS′
exa =

⎧⎪⎨
⎪⎩

⋃
ρ′
{
(R, Q) : Q ≤ ρ′ζ |h|2μN Ts PTh − PS N Ts,

R ≤ Cexa
(
μPTh, ρ

′)} , if PS < ζ |h|2 PTh

∅, if PS ≥ ζ |h|2 PTh

(39)

CTS′
exa =

⋃
α′

{
(R, Q) : Q ≤ α′ζ |h|2 N Ts PTh

−(1 − α′)N Ts PS, R ≤ (1 − α′)Cexa (μPTh, 0)
}
.

(40)

In the following theorem, using the capacity upper and lower
bounds, we establish the optimality of the OPS in the sense of
R-E tradeoff.

Theorem 3: For all Cases 1 and 2 with PS > 0, the follow-
ings hold:

CDPS′
up = COPS′

up and CDPS′
low = COPS′

low (41)

CDPS′
up ⊃ CSPS′

up and CDPS′
low ⊃ CSPS′

low (42)

CDPS′
up ⊃ CTS′

up and CDPS′
low ⊃ CTS′

low (43)

where CDPS′
up , COPS′

up , CSPS′
up , and CTS′

up are, respectively, given by
(37), (38), (39), and (40) with Cexa(·) replaced by Cup(·). In the
same way, CDPS′

low , COPS′
low , CSPS′

low and CTS′
low, respectively, are given

by (37), (38), (39), and (40) with Cexa(·) replaced by Clow(·).
Proof: The results can be proved by following the proce-

dure of the proof for Case 2 in Theorem 1. �
From Theorem 3, for all Cases 1 and 2, one can see that the

OPS is optimal in the sense of capacity upper/lower bounds. We

8In the energy harvesting circuitry at the receiver, no energy is consumed
because the devices used (i.e., Schottky diode and the lower pass filter) are
passive as discussed in [16].

again conjecture that the OPS scheme is optimal in the sense of
exact capacity; however, we do not have a mathematical proof.
The reason why SPS is not optimal even for Case 1 (unlike the
scenario of PS = 0 in Theorem 1) can be intuitively explained
as follows. With the SPS, the information decoding is always
carried out, which means that the information decoding circuit
always consumes power PS whether the data rate R is high or
not. On the other hand, with the OPS, the information decoding
circuit is off for α portion of the time, where 0 ≤ α ≤ 1 is opti-
mized. Thus, the power consumption PS can be saved by the
OPS, exhibiting better R-E performance than the SPS.

Using the exact capacity Cexa(·), we numerically plot the
exact R-E regions for the OPS, SPS, and TS with PS > 0.
The boundary of CSPS′

exa is obtained by sweeping ρ′ from ρ′
0 =

PS
ζ |h|2μPTh

(rather than from zero) to one. For the SPS, there-

fore, the maximum achievable rate is Cexa
(
μPTh, ρ

′
0

)
, which

is strictly smaller than Cexa(μPTh, 0) in finite SNR, and the
maximum possible harvested energy is (ζ |h|2μPTh − PS)N Ts .
For the TS, the boundary of CTS′

exa is obtained by sweeping α′
from α′

0 = PS
ζ |h|2 PTh+PS

(rather than from zero) to one and this

leads to the maximum achievable rate (1 − α′
0)Cexa (μPTh, 0),

which is strictly smaller than Cexa(μPTh, 0). For the OPS,
in order to obtain the R-E boundary of COPS′

exa , the opti-
mal pairs (α′

opt, ρ
′
opt) maximizing the R-E region must be

determined. To that end, from Q = α′ζ |h|2 N Ts PTh + (1 −
α′)(ρ′ζ |h|2μPTh − PS)N Ts , we have

ρ′
Q = Q − (α′|h|2ζ PTh + (1 − α′)PS)N Ts

(1 − α′)|h|2ζμPTh N Ts
. (44)

Substituting ρ′
Q into C

OPS′
exa

(
μPTh, ρ

′) and maximizing it, α′
opt

is obtained as follows:

α′
opt = arg sup

α′
low<α′≤α′

up

(1 − α′)COPS′
exa

(
μPTh, ρ

′
Q

)
(45)

where

α′
up = Q + PS N Ts

(|h|2ζ PTh + PS)N Ts
(46)

α′
low =

⎧⎨
⎩

Q−(|h|2ζμPTh+PS)N Ts
(|h|2ζ(1−μ)PTh+PS)N Ts

, for μ �= 1
Q−(|h|2ζ PTh+PS)N Ts

PS N Ts
, for μ = 1

. (47)

The optimization of (45) involves with one-dimensional full
searching over a finite interval (α′

low, α′
up] with 0 ≤ α′

low ≤
α′

up ≤ 1, which is not very difficult to carry out.
In Fig. 7, the exact R-E boundaries of the OPS, SPS, and

TS are plotted using Cexa(·) for Cases 1 and 2. As expected
from Theorem 3, one can see that the OPS is the best. Then
there is a tradeoff between the SPS and TS in Case 1 as well as
Case 2. In the lower rate regime, the TS is better than the SPS
because the TS can save the power PS for the α portion of the
time. Note that this result is clearly different from that of Case
1 with PS = 0 in the last section where the SPS was always
better than the TS for Case 1. In the high rate regime, how-
ever, the SPS is better than the TS for the reason discussed in
Section III.D.
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Fig. 7. R-E regions of Cases 1 and 2. PTh = 1 W, |h|2 PTh
σ2 = 20 dB, and

Ps
ζ |h|2 PTh

= 0.25.

B. Asymptotically High SNR Case

We now analyze the R-E regions in the asymptotically high
SNR regime with information decoding circuit power con-
sumption PS > 0. Let CDPS′

∞ , COPS′
∞ , CSPS′

∞ , and CTS′
∞ denote the

asymptotic R-E regions for the DPS, OPS, SPS, and TS with
PS > 0. In the following, CDPS′

∞ , COPS′
∞ , CSPS′

∞ , and CTS′
∞ are

presented.
Theorem 4: When �(μPTh, ρ) → ∞, for Case 1 with PS >

0, the (exact) asymptotic R-E regions are given by

CDPS′
∞ =COPS′

∞ =
⋃
α′

{
(R, Q) : Q ≤ ζ |h|2 N Ts PTh

−(1 − α′)N Ts PS, R ≤ (1 − α′) log2 M
}

(48)

CSPS′
∞ =

{
(R, Q) : Q≤ζ |h|2 N Ts PTh − N Ts PS, R≤ log2 M

}
,

(49)

CTS′
∞ =

⋃
α′

{
(R, Q) : Q ≤ α′ζ |h|2 N Ts PTh − (1 − α′)N Ts PS,

R ≤ (1 − α′) log2 M
}
. (50)

When �(μPTh, ρ) → ∞, for Case 2 with PS > 0, the
(exact) asymptotic R-E regions are given by

CDPS′
∞ =COPS′

∞ =
⋃
α′

{
(R, Q) : Q ≤ α′ζ |h|2 N Ts PTh

+(1 − α′)ζ |h|2μN Ts PTh − (1 − α′)N Ts PS,

R ≤ (1 − α′) log2 M
}

(51)

CSPS′
∞ =

{
(R, Q) : Q ≤ ζ |h|2μN Ts PTh − N Ts PS,

R ≤ log2 M
}

(52)

and CTS′
∞ is given by (50). The R-E regions are plotted in

Fig. 8.

Proof: The proof is similar to that of Theorem 2. �
In the following, we derive the cross-over rates between the

SPS and TS: R′
C1 for Case 1 and R′

C2 for Case 2. Also, the
maximum rate of TS is derived.

Fig. 8. Asymptotic R-E regions obtained when �(μPTh, ρ) → ∞. The

maximum rate of the TS is RTS′
max = ζ |h|2 PTh

ζ |h|2 PTh+PS
log2 M for all cases.

The crossover rates are given by R′
C1 = PS

ζ |h|2 PTh+PS
log2 M and R′

C2 =
ζ |h|2(1−μ)PTh+PS

ζ |h|2 PTh+PS
log2 M .

Fig. 9. R-E regions in high SNR with circuit power consumption. PTh = 10

W, |h|2 PTh
σ2 = 30 dB and Ps

ζ |h|2 PTh
= 0.1.

Corollary 2: When PS > 0, the cross-over rate R′
C1 for Case

1 is given by

R′
C1 = PS

ζ |h|2 PTh + PS
log2 M (53)

and the cross-over rate R′
C2 for Case 2 is given by

R′
C2 = ζ |h|2(1 − μ)PTh + PS

ζ |h|2 PTh + PS
log2 M. (54)

For all Cases 1 and 2, the maximum rate of TS is given by

RTS′
max = ζ |h|2 PTh

ζ |h|2 PTh + PS
log2 M. (55)

Proof: R′
C1 is obtained from (49) and (50). R′

C2 is

obtained from (52) and (50). RTS′
max is determined from (50). �

From Corollary 2, one can see that the maximum achievable
rate of the TS is strictly smaller than log2 M and it depends
on PS .

Finally, to confirm the result of Theorem 4, in Fig. 9, we
numerically plot the exact R-E regions for Cases 1 and 2 using
the exact capacity Cexa(·) for a high SNR with a large power
constraint PTh = 103. One can see that we have the results as
expected from Theorem 4.
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TABLE I
COMPARISON OF R-E REGIONS FOR M -ARY INPUT AND GAUSSIAN INPUT

V. COMPARISONS WITH GAUSSIAN INPUT

In this section, we compare the R-E tradeoffs of the Gaussian
input and the M-ary input. It is well-known that Gaussian input
is optimal in the sense of maximizing the mutual information
given an average power constraint. However, Gaussian input is
no longer optimal with a peak power constraint. In fact, one
cannot send any information with Gaussian input subject to
a peak power constraint. This is because, with a (finite) peak
power constraint, the average transmit power of Gaussian input
cannot be non-zero, and thus, the achieved rate is simply zero.
The fact that the continuous Gaussian input does not work
with the peak power constraint should not be very surpris-
ing, because the capacity achieving distribution with the peak
power constraint is no longer Gaussian. With peak power con-
straint, the optimal input to the channel must be discrete with
a finite number of mass points [19]–[25]. Given constellations,
deriving the optimal probability distribution is in general not
straightforward (for more details of this issue, see [32] and the
references therein), and this is beyond the scope of this work. In
the following, for Gaussian input, we discuss only the average
power constraint.

In Table I, the R-E tradeoff results for M-ary input derived in
this paper are summarized and compared to those of Gaussian
input derived in [16]. When Ps = 0, one can see that the SPS
is optimal for Case 1, whereas the OPS is optimal for Case 2.
For Gaussian with Ps = 0, the SPS is optimal. These results
suggest that, with an average power constraint, the SPS is opti-
mal regardless of the constellations (including discrete inputs
and Gaussian input). With a peak power constraint, however,
the OPS is optimal. When Ps > 0, one can see that the OPS is
always optimal whether an average power constraint or a peak
power constraint is given regardless of constellations. Note that
the capacity with Gaussian input is infinity when the SNR goes
to infinity, which is in clear contrast to the case of M-ary input
where the asymptotic capacity is log2 M . Thus, in Table I, the
asymptotic results of Gaussian input are not presented, which
were not discussed in [16] either.

Finally, under an average power constraint, we numerically
compare the R-E regions of M-ary input and the Gaussian
input. In Fig. 10, we plot the R-E regions of the Gaussian and
M-ary inputs with PS = 0. The R-E region of the Gaussian

Fig. 10. R-E regions of M-ary input and the Gaussian input all with average

power constraint. PTh = 1 W. For OPS and SPS, |h|2 PTh
σ2 = {10, 20, 40} dB.

The curves for OPS and SPS perfectly overlap. For TS, |h|2 PTh
σ2 = 20 dB.

PS = 0.

input is largest. One can expect this result because the Gaussian
input maximizes the mutual information given an average
power constraint. As M increases in the M-ary input, the R-
E region gets close to that of Gaussian input. The R-E region
of 64-QAM is close to that of Gaussian input. In particular,
one can see that, as the SNR increases, the performance gap
between M-ary constellation and Gaussian input gets bigger.
The reason is that the capacity of Gaussian input indefinitely
increases as the SNR goes to infinity, whereas the capacity of
M-ary input saturated at log2 M even when the SNR goes to
infinity. On the other hand, in low SNR, the gap is small. This
is due to the well-known capacity result that in the low SNR
regime, the capacity difference between Gaussian input and any
M-ary input is small.

VI. CONCLUSIONS

In this paper, considering arbitrary shaped discrete one- or
two-dimensional constellations, we studied the R-E regions.
In particular, we considered two most common and important
power constraints: the average power constraint and peak power
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constraint. When the circuit power consumption for informa-
tion decoding is small and ignored, using the capacity upper
and lower bounds, we showed that the SPS is optimal for the
average power constraint and the OPS is optimal for the peak
power constraint. We also numerically plotted the R-E regions
using the exact capacity expression. The analysis on the R-E
tradeoffs was extended to the case of non-zero circuit power
consumption, in which only the OPS can be optimal. Finally,
the R-E regions of the Gaussian input and the M-ary input were
compared under the average power constraint.

APPENDIX A
PROOF OF LEMMA 1

To make the proof compact, we first express both Clow(P, ρ)

and Cup(P, ρ) in the following general form:

fup/low(ρ) = log2 M − a1

∑
k

log2

(
1 + a2

∑
i

egk,i (ρ)

)

(A.1)
where

gk,i (ρ) = − (1 − ρ)bk,i

σ 2
cov + (1 − ρ)σ 2

A

≤ 0. (A.2)

In the above equation, a1 = 1
M and a2 = M − 1 for the upper

bound; and a1 = 1 and a2 = 1
M for the lower-bound. With a bit

abuse of notation, for the upper-bound, we have (A.3), shown

at the bottom of the page, where

bk,i = |h|2 P

M − 1

∑
i

|xk − x ′
i |2.

Also, for the lower-bound, we have (A.4), shown at the bottom

of the page, where bi = |h|2 P
4 |(x − x ′)i |2.

Taking derivative of fup/low(ρ) with respect to ρ, we have

∂ fup/low(ρ)

∂ρ
= −a1

∑
k

a2
∑

i
∂gk,i (ρ)

∂ρ
egk,i (ρ)

1 + a2
∑

i egk,i (ρ)
≤ 0 (A.5)

where

∂gk,i (ρ)

∂ρ
= bk,iσ

2
cov

(σ 2
cov + (1 − ρ)σ 2

A)2
≥ 0. (A.6)

Also, taking second order derivative of fup/low(ρ) with respect
to ρ, we have (A.7), shown at the bottom of the page, where

∂2gk,i (ρ)

∂ρ2
= 2b1,k,i b2,k,i b3,k,i

(b2,k,i + (1 − ρ)b3,k,i )3
≥ 0 (A.8)

and we have (A.9), shown at the bottom of next page. It follows
from (A.7) that fup/low(ρ) is concave in ρ ∈ [0, 1].

∑
x∈X

log2[1 + a2 exp

(
−|h|2(1 − ρ)P

∑
x ′∈X;x ′ �=x |x − x ′|2

(M − 1)((1 − ρ)σ 2
A + σ 2

cov)

)]
=

∑
k

log2

(
1 + a2

∑
i

exp

(
− (1 − ρ)bk,i

σ 2
cov + (1 − ρ)σ 2

A

))
(A.3)

∑
x∈X

∑
x ′∈X;x ′ �=x

exp

(
−|h|2(1 − ρ)P|x − x ′|2

4((1 − ρ)σ 2
A + σ 2

cov)

)
=
∑

j

∑
j ′

exp

(
−|h|2(1 − ρ)P|x j − x j ′ |2

4((1 − ρ)σ 2
A + σ 2

cov)

)

=
∑

i

exp

(
− (1 − ρ)bi

σ 2
cov + (1 − ρ)σ 2

A

)
(A.4)

∂2 fup/low(ρ)

∂ρ2
= − a1

∑
k

{
1(

1 + a2
∑

i egk,i (ρ)
)2

[(
a2

∑
i

∂2gk,i (ρ)

∂ρ2
egk,i (ρ) + a2

∑
i

(
∂gk,i (ρ)

∂ρ

)2

egk,i (ρ)

)

×
(

1 + a2

∑
i

egk,i (ρ)

)
−

(
a2

∑
i

∂gk,i (ρ)

∂ρ
egk,i (ρ)

)2
⎤
⎦
⎫⎬
⎭

= − a1

∑
k

1(
1 + a2

∑
i egk,i (ρ)

)2

[
a2

∑
i

∂2gk,i (ρ)

∂ρ2
egk,i (ρ) + a2

∑
i

(
∂gk,i (ρ)

∂ρ

)2

egk,i (ρ)

+
(

a2

∑
i

∂2gk,i (ρ)

∂ρ2
egk,i (ρ)

)(
a2

∑
i

egk,i (ρ)

)
+ a2

2 Ak

]

≤0 (A.7)
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APPENDIX B
PROOF OF THEOREM 1

First, we prove (23) for Case 1. As long as CDPS
up = CSPS

up and

CDPS
low = CSPS

low , we immediately have CDPS
up = COPS

up = CSPS
up and

CDPS
low = COPS

low = CSPS
low from CDPS

up ⊆ COPS
up ⊆ CSPS

up and CDPS
low ⊆

COPS
low ⊆ CSPS

low . In the following, therefore, we prove CDPS
up =

CSPS
up and CDPS

low = CSPS
low . For this proof, we use the expres-

sion of (17) with Pavg,k = PTh,∀k for the R-E region of the
DPS. For notational simplicity, both bounds Cup(PTh, ρ) and
Clow(PTh, ρ) are denoted by f̄up/low(ρ), which is concave ρ ∈
[0, 1) from Lemma 1. From Jensen’s inequality, we have

1

N

N∑
k=1

f̄up/low(ρk) ≤ f̄up/low

(
1

N

N∑
k=1

ρk

)
. (B.1)

Thus, for ∀α and ∀ρ = [ρ, · · · , ρN ]T , ∃ρ = 1
N

∑N
k=1 ρk so

that

N∑
k=1

ρkζ |h|2 PThTs = ρζ |h|2 PTh N Ts (B.2)

and

1

N

N∑
k=1

f̄up/low(ρk) ≤ f̄up/low (ρ) . (B.3)

It follows that CSPS
up ⊇ CDPS

up and CSPS
low ⊇ CDPS

low . Also, it is obvi-

ous that CSPS
up ⊆ CDPS

up and CSPS
low ⊆ CDPS

low because SPS is a

special case of DPS. This completes the proof of CSPS
up = CDPS

up

and CSPS
low = CDPS

low for Case 1.
Secondly, we now prove (24) for Case 2. For notational

simplicity, both bounds Cup(μPTh, ρ) and Clow(μPTh, ρ) are
denoted by f̃up/low(ρ), which is concave ρ ∈ [0, 1) from
Lemma 1. From Jensen’s inequality, we have

1

(1 − α)N

∑
k∈�

f̃up/low(ρk) ≤ f̃up/low

(
1

(1 − α)N

∑
k∈�

ρk

)
.

(B.4)

Ak =
(∑

i

(
∂gk,i (ρ)

∂ρ2

)2

egk,i (ρ)

)(∑
i

egk,i (ρ)

)
−

(∑
i

∂gk,i (ρ)

∂ρ
egk,i (ρ)

)2

=
⎛
⎝∑

i

(
∂gk,i (ρ)

∂ρ

)2

e2gk,i (ρ) +
∑
i< j

[(
∂gk,i (ρ)

∂ρ

)2

+
(

∂gk, j (ρ)

∂ρ

)2
]

egk,i (ρ)+gk, j (ρ)

⎞
⎠

−
⎛
⎝∑

i

(
∂gk,i (ρ)

∂ρ

)2

e2gk,i (ρ) +
∑
i< j

2
∂gk,i (ρ)

∂ρ

∂gk, j (ρ)

∂ρ
egk,i (ρ)+gk, j (ρ)

⎞
⎠

=
∑
i< j

[
∂gk,i (ρ)

∂ρ
− ∂gk, j (ρ)

∂ρ

]2

egk,i (ρ)+gk, j (ρ)

≥0. (A.9)

Thus, for ∀α and ∀ρ�, ∃ρ = 1
(1−α)N

∑
k∈� ρk so that

∑
k∈�

ρkζ |h|2μPThTs = (1 − α)ρζ |h|2μPTh N Ts (B.5)

and
1

(1 − α)N

∑
k∈�

f̃up/low(ρk) ≤ f̃up/low (ρ) . (B.6)

It follows that COPS
up ⊇ CDPS

up and COPS
low ⊇ CDPS

low . Also, it is obvi-

ous that COPS
up ⊆ CDPS

up and COPS
low ⊆ CDPS

low because the OPS is a

special case of the DPS. This completes the proof of COPS
up =

CDPS
up and COPS

low = CDPS
low for Case 2.

Finally, we prove CTS
up ⊂ CDPS

up and CTS
low ⊂ CDPS

low for Cases
1 and 2, by showing that, at the same amount of harvested
energy, the capacity of DPS is always higher than that of TS
except α = 0 or α = 1. For this part of the proof, we denote
Cup(Pavg,k, ρk) and Clow(Pavg,k, ρk) by f̄up/low(Pavg,k, ρk). For
any possible 0 < α < 1, we can choose ρ such that

αζ |h|2 PTh N Ts =
N∑

k=1

ρkζ |h|2 PThTs (B.7)

where at least one ρk is in (0, 1). Then we can show that

1

N

N∑
k=1

f̄up/low(Pavg,k, ρk)

(a)
>

1

N

K∑
k=1

(1 − ρk) f̄up/low(Pavg,k, 0) (B.8)

= (1 − α) f̄up/low(Pavg,k, 0) (B.9)

≥ (1 − α) f̄up/low(μPTh, 0). (B.10)

where (a) holds for the following reason. Using the concavity
of f̄up/low(·, ρk) in ρk ∈ [0, 1], it is possible to show

f̄up/low(·, ρk) ≥ (1 − ρk) f̄up/low(·, 0) (B.11)

where equality holds iff ρk = 0 or ρk = 1. Because at least one
ρk is in (0, 1), the equality (a) holds.
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APPENDIX C
PROOF OF THEOREM 2

From (7), we have

C�
low ⊆ C�

exa ⊆ C�
up, �∈{DPS, OPS, SPS, TS}. (C.1)

Thus, when �(μPTh, ρ) → ∞, it follows from (10),
Theorem 1, and (30) that

CDPS∞ = COPS∞ = CSPS∞ , for Case 1 (C.2)

CDPS∞ = COPS∞ , for Case 2. (C.3)

We now obtain the simplified expressions of R-
E regions. When �(μPTh, ρ) → ∞, it can be shown
that Cup(μPTh, ρ) → log2 M and Clow(μPTh, ρ) →
log2 M . Therefore, when �(μPTh, ρ) → ∞, we have
Cexa (μPTh, ρ) → log2 M . We first consider Case 1, where
Pavg,k = PTh. The asymptotic R-E region of the OPS is
obtained as follows:

COPS
exa

→
⋃
α,ρ

{
(R, Q) : Q ≤ (αζ |h|2 PTh + (1 − α)ρζ |h|2 PTh)N Ts,

R ≤ (1 − α) log2 M
}

(a)→
⋃
α

{
(R, Q) : Q ≤ (αζ |h|2 PTh + (1 − α)ζ |h|2 PTh)N Ts,

R ≤ (1 − α) log2 M
}

=
⋃
α

{
(R, Q) : Q ≤ ζ |h|2 N Ts PTh, R ≤ (1 − α) log2 M

}
(b)=

{
(R, Q) : Q ≤ ζ |h|2 N Ts PTh, R ≤ log2 M

}
= COPS∞ (C.4)

where (a) is because ρ → 1 maximizes the upper-bound
of Q without decreasing the upper-bound of R, and
(b) holds because α = 0 maximizes the upper-bound
of R without decreasing the upper-bound of Q. We
also have CTS

exa → ⋃
α

{
(R, Q) : Q ≤ αζ |h|2 N Ts PTh ,

R ≤ (1 − α) log2 M
} = CTS∞ with no further simplification.

For Case 2, the R-E region of the OPS is asymptotically given
by

COPS
exa →

⋃
α,ρ

{
(R, Q) : Q ≤ (αζ |h|2 PTh

+(1 − α)ρζ |h|2μPTh)N Ts, R ≤ (1 − α) log2 M
}
(C.5)

→
⋃
α

{
(R, Q) : Q ≤ (αζ |h|2 PTh+

(1 − α)ζ |h|2μPTh)N Ts, R ≤ (1 − α) log2 M
}

(C.6)

= COPS∞ . (C.7)

Furthermore, for Case 2, the R-E region SPS is asymptotically
given by

CSPS
exa →

⋃
ρ

{
(R, Q) : Q ≤ ρζ |h|2μN Ts PTh, R ≤ log2 M

}
(C.8)

=
{
(R, Q) : Q ≤ ζ |h|2μN Ts PTh, R ≤ log2 M

}
(C.9)

= CSPS∞ . (C.10)

Finally, we have CTS
exa → ⋃

α

{
(R, Q) : Q ≤ αζ |h|2 N Ts PTh ,

R ≤ (1 − α) log2 M
} = CTS∞ with no further simplification.
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